
NUMERICAL ANALYSIS OF TURBULENT
CHEMICALLY REACTING FLOWS IN SCRAMJET

ENGINES USING POINT-IMPLICIT FINITE-VOLUME
SCHEME

by

Mohammed Sayed Saleh El-Sayed Kamel

A Thesis Submitted to
The Faculty of Engineering Cairo University

in Partial Fulfillment of the Requirements for the degree of

MASTER OF SCIENCE
in

AEROSPACE ENGINEERING

FACULTY OF ENGINEERING, CAIRO UNIVERSITY
GIZA, EGYPT
January 2009



NUMERICAL ANALYSIS OF TURBULENT
CHEMICALLY REACTING FLOWS IN SCRAMJET

ENGINES USING POINT-IMPLICIT FINITE-VOLUME
SCHEME

by

Mohammed Sayed Saleh El-Sayed Kamel

A Thesis Submitted to
The Faculty of Engineering Cairo University

in Partial Fulfillment of the Requirements for the degree of

MASTER OF SCIENCE
in

AEROSPACE ENGINEERING

under the supervision of

Dr. Ali A. Hashem
Professor

Cairo University, Faculty of Engineering
Aerospace Department

Dr. Farouk M. Owis
Associate Professor

Cairo University, Faculty of Engineering
Aerospace Department

Dr. Moumen M. Idris
Assistant Professor

Cairo University, Faculty of Engineering
Aerospace Department

FACULTY OF ENGINEERING, CAIRO UNIVERSITY
GIZA, EGYPT
January 2009



NUMERICAL ANALYSIS OF TURBULENT 
CHEMICALLY REACTING FLOWS IN SCRAMJET 

ENGINES USING POINT-IMPLICIT FINITE-VOLUME 
SCHEME

by

Mohammed Sayed Saleh El-Sayed Kamel 

A Thesis Submitted to 
The Faculty of Engineering Cairo University 

in Partial Fulfillment of the Requirements for the degree of 

MASTER OF SCIENCE 
in

AEROSPACE ENGINEERING 

Approved by the Examining Committee: 

Prof. Dr. Ali Abd El-Fatah Hashem         Thesis Main Advisor 

Prof. Dr. Ibrahim M. Ali Shabaka         Member 

Prof. Dr. Abdellah Hadjadj          Member 

FACULTY OF ENGINEERING, CAIRO UNIVERSITY 
GIZA, EGYPT 
January 2009



To my family



Contents

Acknowledgements x

Nomenclature xi

Abbreviations xvi

Abstract xvii

1 Literature Review 1
1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Air-Fuel Mixing and Flame Holding . . . . . . . . . . . . . . . . . . 3
1.3 Modelling Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.4 Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Mathematical Modeling 9
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
2.2 Full Navier-Stocks Governing Equations . . . . . . . . . . . . . . . 9
2.3 Thermodynamic Model . . . . . . . . . . . . . . . . . . . . . . . . . 11
2.4 Viscous Stress Tensor Modeling . . . . . . . . . . . . . . . . . . . . 13
2.5 Mass and Heat Fluxes Modeling . . . . . . . . . . . . . . . . . . . . 15
2.6 Chemistry Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.7 Turbulent Dynamic Viscosity Modeling . . . . . . . . . . . . . . . . 19

3 Numerical Method 24
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
3.2 Physical to Computational Domain Transformation . . . . . . . . . 25

3.2.1 Governing Equations in The Computational Domain . . . . 25
3.2.2 Declaration of Vectors Normal to Cell Faces . . . . . . . . . 26
3.2.3 Eigenvalues of the convective flux Jacobian in The Compu-

tational Domain . . . . . . . . . . . . . . . . . . . . . . . . . 27
3.3 Spatial Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.3.1 Structured Finite-Volume Scheme . . . . . . . . . . . . . . . 28
The Integral Vector Form of Governing Equations . . . . . . 28
Discretized Control Volume Terminology . . . . . . . . . . . 29
Discretized Vector Form of Governing Equations . . . . . . . 30

3.3.2 Convective Fluxes Discretization . . . . . . . . . . . . . . . 31
Roe’s Flux-Difference Splitting Upwind Scheme . . . . . . . 31
Second Order Upwind Schemes Using MUSCL Approach . . 35

3.3.3 Diffusive Fluxes Discretization . . . . . . . . . . . . . . . . . 37

i



Second Order Central Discretization . . . . . . . . . . . . . 37
Derivatives of Flow Variables at the Cell Faces . . . . . . . . 38
Flow Properties and Transport Coefficient Averaging at Cell

Faces . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.4 Pseudo Time Integration . . . . . . . . . . . . . . . . . . . . . . . . 39

3.4.1 Chemistry-Implicit Flow-Explicit Time Integration . . . . . 39
3.4.2 Chemical Source Jacobian Formulation . . . . . . . . . . . . 39
3.4.3 Separate Time-Space Discretizations of Second Order Tem-

poral & Spatial Accuracy . . . . . . . . . . . . . . . . . . . 41
3.4.4 Time Marching Step Determination . . . . . . . . . . . . . . 43

3.5 Boundary Condition Treatment . . . . . . . . . . . . . . . . . . . . 44
3.5.1 Inlet And Exit Boundary Condition . . . . . . . . . . . . . . 45

Subsonic Inlet Flow . . . . . . . . . . . . . . . . . . . . . . . 45
Supersonic Inlet Flow . . . . . . . . . . . . . . . . . . . . . . 46
Subsonic Exit Flow . . . . . . . . . . . . . . . . . . . . . . . 47
Supersonic Exit Flow . . . . . . . . . . . . . . . . . . . . . . 48

3.5.2 Wall Boundary Condition . . . . . . . . . . . . . . . . . . . 49
3.5.3 Far-field Boundary Condition . . . . . . . . . . . . . . . . . 50
3.5.4 Symmetry Boundary Condition . . . . . . . . . . . . . . . . 51

3.6 Grid Generation & Clustering Techniques . . . . . . . . . . . . . . . 52
3.6.1 Clustering At the Wall-Bounded Regions . . . . . . . . . . . 52

Clustering Using Geometric Progression for One Wall-Sided
Domain . . . . . . . . . . . . . . . . . . . . . . . . 53

Clustering Using First Robert’s Transformation Function
For One wall-sided Domain . . . . . . . . . . . . . 54

Clustering Using Second Robert’s Transformation Function
For Two wall-sided Domain . . . . . . . . . . . . . 54

3.6.2 Clustering Around Jet Centerlines . . . . . . . . . . . . . . . 56

4 Results and Discussions 57
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.2 Laminar & Turbulent Flows Over Flat Plate . . . . . . . . . . . . . 58

4.2.1 Laminar Flow Test Case . . . . . . . . . . . . . . . . . . . . 58
4.2.2 Turbulent Flow Test Case . . . . . . . . . . . . . . . . . . . 63

4.3 Invscid Chemically-Reacting and Supersonic Flow in 2-D Axisym-
metric Nozzle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
4.3.1 Complete Expansion Test Case . . . . . . . . . . . . . . . . 67
4.3.2 Over-Expansion Test Case . . . . . . . . . . . . . . . . . . . 77

4.4 Turbulent Chemically Reacting Flows in a Ramped Duct . . . . . . 86
4.4.1 Non-reacting Inlet Flow Test Case . . . . . . . . . . . . . . . 88
4.4.2 Reacting Inlet Flow Test Case . . . . . . . . . . . . . . . . . 97

4.5 Sonic Transverse Helium Injection to Supersonic Air Flows . . . . . 106
4.6 Mixing and Combustion Processes in Single-Strut Scramjet Engines 114

4.6.1 Non-reacting Turbulent Flow Case . . . . . . . . . . . . . . 118
4.6.2 Reacting Turbulent Flow Case . . . . . . . . . . . . . . . . . 124
4.6.3 Comparison between the Results . . . . . . . . . . . . . . . 128

5 Conclusion 135

ii



A Flow Variables Non-dimensionalization 138

B Reynolds Averaged Navier-Stocks Equations 139
B.1 Flow Variables Treatment . . . . . . . . . . . . . . . . . . . . . . . 139
B.2 Derivation of Reynolds Averaged Navier-Stocks Equations for Pla-

nar 2D Flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
B.2.1 Reynolds Averaged Continuity Equation for Planar 2D Flow 141
B.2.2 Reynolds Averaged Momentum Equations for Planar 2D Flow142
B.2.3 Reynolds Averaged Energy Equation for Planar 2D Flow . . 144
B.2.4 Reynolds Averaged Individual Species Continuity Equation

in Planar Two Dimensional Coordinates . . . . . . . . . . . 145
B.2.5 Modeling of Reynolds Stresses . . . . . . . . . . . . . . . . . 145
B.2.6 Modeling of the Total Heat and Mass Fluxes for Turbulent

Flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146

C Basic Equations of Fluid Dynamics in Orthogonal Curvilinear
Coordinates 148
C.1 Gradient of a Scalar Quantity . . . . . . . . . . . . . . . . . . . . . 149
C.2 Laplacian Operator of a Scalar Quantity in Orthogonal Curvilinear

Coordinates . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
C.3 Divergence of a Vector . . . . . . . . . . . . . . . . . . . . . . . . . 149
C.4 Shear Stress Tensor . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
C.5 Gradient of the Shear Stress Tensor . . . . . . . . . . . . . . . . . . 150
C.6 The Transformation Functions from Cartesian to Planar 2-D and

Axisymmetric Coordinates . . . . . . . . . . . . . . . . . . . . . . . 151

D Thermodynamic Properties for Different Species 152

References 153

iii



List of Tables

D.1 Coefficient of the fifth order polynomial of cp[J/kgK] as a
function of T [K] of different species and theirheat of for-
mation at 0o[K] . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

iv



List of Figures

1.1 Schematic diagram of propulsion-airframe integrated Scramjet-powered
hypersonic vehicle . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Different aerodynamic phenomena in sonic transverse in-
jection to supersonic flow stream . . . . . . . . . . . . . . . . . 4

2.1 Typical Profile Turbulent Viscosity Coefficient for the Algebraic
Two-Layer Turbulence . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2 The intermediated function F (n) behavior for attached and sepa-
rated flows . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

2.3 Schematic for the calculations of the normal distance from the wall 23

3.1 Finite-Volume scheme terminology for the structured mesh in the
computational space . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.2 Clustering to the one wall-bounded side. (a) Intermediate domain
(X, Y). (b) Physical domain (x, y) . . . . . . . . . . . . . . . . . . 55

3.3 Clustering to the two wall-bounded sides. (a) Intermediate domain
(X, Y). (b) Physical domain (x, y) . . . . . . . . . . . . . . . . . . 55

3.4 Clustering around an interior vertical line. (a) Intermediate domain
(X, Y). (b) Physical domain (x, y). . . . . . . . . . . . . . . . . . 56

4.1 The mesh of size 51 × 55 utilized to solve viscous flow over a flat
plate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.2 The mesh of size 101 × 55 utilized to solve viscous flow over a flat
plate. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

4.3 Convergence history of the laminar flow test case. . . . . . . . . . . 61
4.4 Velocity profile for laminar flow solved by Blasius equations versus

numerical solution at different stations . . . . . . . . . . . . . . . . 62
4.5 Local skin friction Coefficient for laminar flows using Blasius equa-

tion beside numerical solver for two different discretizations . . . . . 62
4.6 Convergence history of the turbulent flow test case. . . . . . . . . . 64
4.7 Typical turbulent velocity profiles for the analytical solution and

numerical results at different stations . . . . . . . . . . . . . . . . . 65
4.8 Turbulent local skin friction coefficient over a plat plate of the nu-

merical solver and analytical solutions of Power and White’s laws . 65
4.9 Schematic diagram for the test case of invscid flow of chemically

reacting hydrogen-air mixture in axisymmetric nozzle . . . . . . . . 66
4.10 The mesh of size 41× 11, utilized in solving complete expansion case 68
4.11 Convergence history of the chemically reacting invscid complete

expansion in axisymmetric nozzle. . . . . . . . . . . . . . . . . . . . 68

v



4.12 Mass fraction contours of Hydrogen (YH2
) for complete expansion

through axisymmetric nozzle . . . . . . . . . . . . . . . . . . . . . . 70
4.13 Mass fraction contours of Oxygen (YO2

) for complete expansion
through axisymmetric nozzle . . . . . . . . . . . . . . . . . . . . . . 70

4.14 Mass fraction contours of Hydroxyl group (YOH) for complete ex-
pansion through axisymmetric nozzle . . . . . . . . . . . . . . . . . 71

4.15 Mass fraction contours of water (YH2O) for complete expansion through
axisymmetric nozzle . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.16 Pressure (P ) contours for complete expansion through axisymmet-
ric nozzle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.17 Temperature (T ) contours for complete expansion through axisym-
metric nozzle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.18 Mach Number (M) contours for complete expansion through ax-
isymmetric nozzle . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

4.19 Mixture specific heat ratio (γmix) contours for complete expansion
through axisymmetric nozzle . . . . . . . . . . . . . . . . . . . . . . 73

4.20 Present solution compared to previous calculations of Drummond
et al. [21] for Hydrogen mass fraction (YH2

) . . . . . . . . . . . . . 74
4.21 Present solution compared to previous calculations of Drummond

et al. [21] for Oxygen mass fraction (YO2
) . . . . . . . . . . . . . . . 74

4.22 Present solution compared to previous calculations of Drummond
et al. [21] for Hydrogen mass fraction (YOH) . . . . . . . . . . . . . 75

4.23 Present solution compared to previous calculations of Drummond
et al. [21] for water mass fraction (YH2O) . . . . . . . . . . . . . . . 75

4.24 Present solution compared to previous calculations of Drummond
et al. [21] for pressure (P ) . . . . . . . . . . . . . . . . . . . . . . . 76

4.25 Present solution compared to previous calculations of Drummond
et al. [21] for temperature (T ) . . . . . . . . . . . . . . . . . . . . . 76

4.26 101× 25 mesh, used in solving over-expansion case . . . . . . . . . 77
4.27 151× 25 mesh, used in solving over-expansion case . . . . . . . . . 77
4.28 201× 25 mesh, used in solving over-expansion case . . . . . . . . . 77
4.29 Convergence history of the chemically reacting invscid over-expansion

in axisymmetric nozzle. . . . . . . . . . . . . . . . . . . . . . . . . . 78
4.30 Mass fraction contours of Hydrogen (YH2

) for over-expansion through
axisymmetric nozzle . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.31 Mass fraction contours of Oxygen (YO2
) for over-expansion through

axisymmetric nozzle . . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.32 Mass fraction contours of Hydroxyl (YOH) for over-expansion through

axisymmetric nozzle . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.33 Mass fraction contours of water (YH2O) for over-expansion through

axisymmetric nozzle . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.34 Mach number (M) contours for over-expansion through axisymmet-

ric nozzle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
4.35 Pressure (P ) contours for over-expansion through axisymmetric nozzle 82
4.36 Temperature (T ) contours for over-expansion through axisymmetric

nozzle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
4.37 Present solution compared to previous calculations of Grossman et

al. [30] for Oxygen mass fraction (YO2
) . . . . . . . . . . . . . . . . 83

vi



4.38 Present solution compared to previous calculations of Grossman et
al. [30] for Hydroxyl mass fraction (YOH) . . . . . . . . . . . . . . . 84

4.39 Present solution compared to previous calculations of Grossman et
al. [30] for water mass fraction (YH2O) . . . . . . . . . . . . . . . . . 84

4.40 Present solution compared to previous calculations of Grossman et
al. [30] for pressure (P ) . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.41 Present solution compared to previous calculations of Grossman et
al. [30] for temperature (T ) . . . . . . . . . . . . . . . . . . . . . . 85

4.42 Schematic diagram of hydrogen-air flow in 2D ramped duct . . . . . 86
4.43 31× 51 mesh, used in solving turbulent flow in a ramped duct . . . 87
4.44 31× 51 mesh, used in solving turbulent flow in a ramped duct . . . 87
4.45 31× 51 mesh, used in solving turbulent flow in a ramped duct . . . 87
4.46 Convergence history of the case of turbulent premixed flow in a

ramped duct for Tin = 900 K. . . . . . . . . . . . . . . . . . . . . . 88
4.47 Mass fraction contours of Hydrogen (YH2

) in case of turbulent re-
acting flow in a ramped duct for Tin = 900 K. . . . . . . . . . . . . 90

4.48 Mass fraction contours of Oxygen (YO2
) in case of turbulent reacting

flow in a ramped duct for Tin = 900 K. . . . . . . . . . . . . . . . . 90
4.49 Mass fraction contours of Hydroxyl (YOH) in case of turbulent re-

acting flow in a ramped duct for Tin = 900 K. . . . . . . . . . . . . 91
4.50 Mass fraction contours of water (YH2O) in case of turbulent reacting

flow in a ramped duct for Tin = 900 K. . . . . . . . . . . . . . . . . 91
4.51 Mach Number (M) contours in case of turbulent reacting flow in a

ramped duct for Tin = 900 K. . . . . . . . . . . . . . . . . . . . . . 92
4.52 Mixture specific heat ratio (γmix) contours in case of turbulent re-

acting flow in a ramped duct for Tin = 900 K. . . . . . . . . . . . . 92
4.53 Pressure (P ) contours in case of turbulent reacting flow in a ramped

duct for Tin = 900 K. . . . . . . . . . . . . . . . . . . . . . . . . . . 93
4.54 Temperature (T ) contours in case of turbulent reacting flow in a

ramped duct for Tin = 900 K. . . . . . . . . . . . . . . . . . . . . . 93
4.55 Present solution compared to previous calculations of ref. [14] and

[54] for H2 mass fraction at 0.13 cm from the lower wall . . . . . . . 94
4.56 Present solution compared to previous calculations of ref. [14] and

[54] for O2 mass fraction at 0.13 cm from the lower wall . . . . . . . 94
4.57 Present solution compared to previous calculations of ref. [14] and

[54] for OH mass fraction at 0.13 cm from the lower wall . . . . . . 95
4.58 Present solution compared to previous calculations of ref. [14] and

[54] for H2O mass fraction at 0.13 cm from the lower wall . . . . . . 95
4.59 Present solution compared to previous calculations of ref. [14] and

[54] for pressure at 0.13 cm from the lower wall . . . . . . . . . . . 96
4.60 Present solution compared to previous calculations of ref. [14] and

[54] for temperature at 0.13 cm from the lower wall . . . . . . . . . 96
4.61 Convergence history of the case of turbulent premixed flow in a

ramped duct for Tin = 1200 K. . . . . . . . . . . . . . . . . . . . . 97
4.62 Mass fraction contours of Hydrogen (YH2

) in case of turbulent re-
acting flow in a ramped duct for Tin = 1200 K. . . . . . . . . . . . 99

4.63 Mass fraction contours of Oxygen (YO2
) in case of turbulent reacting

flow in a ramped duct for Tin = 1200 K. . . . . . . . . . . . . . . . 99

vii



4.64 Mass fraction contours of Hydroxyl (YOH) in case of turbulent re-
acting flow in a ramped duct for Tin = 1200 K. . . . . . . . . . . . 100

4.65 Mass fraction contours of water (YH2O) in case of turbulent reacting
flow in a ramped duct for Tin = 1200 K. . . . . . . . . . . . . . . . 100

4.66 Mach number (M) contours in case of turbulent reacting flow in a
ramped duct for Tin = 1200 K. . . . . . . . . . . . . . . . . . . . . 101

4.67 Mixture specific heat ratio (γmix) contours in case of turbulent re-
acting flow in a ramped duct for Tin = 1200 K. . . . . . . . . . . . 101

4.68 Pressure (P ) contours in case of turbulent reacting flow in a ramped
duct for Tin = 1200 K. . . . . . . . . . . . . . . . . . . . . . . . . . 102

4.69 Temperature (T ) contours in case of turbulent reacting flow in a
ramped duct for Tin = 1200 K. . . . . . . . . . . . . . . . . . . . . 102

4.70 Present solution compared to previous calculations of ref. [66] and
[54] for H2 mass fraction at 0.13 cm from the lower wall . . . . . . . 103

4.71 Present solution compared to previous calculations of ref. [66] and
[54] for O2 mass fraction at 0.13 cm from the lower wall . . . . . . . 103

4.72 Present solution compared to previous calculations of ref. [66] for
OH mass fraction at 0.13 cm from the lower wall . . . . . . . . . . . 104

4.73 Present solution compared to previous calculations of ref. [66] and
[54] for H2O mass fraction at 0.13 cm from the lower wall . . . . . . 104

4.74 Present solution compared to previous calculations of ref. [66] and
[54] for pressure at 0.13 cm from the lower wall . . . . . . . . . . . 105

4.75 Present solution compared to previous calculations of ref. [54] for
temperature at 0.13 cm from the lower wall . . . . . . . . . . . . . 105

4.76 Schematic diagram of Helium sonic transverse injection into super-
sonic air flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

4.77 The mesh of size 101× 51 utilized to solve the transverse injection
test case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

4.78 History of density normalized residual with time-integration itera-
tions in the case of He sonic transverse injection. . . . . . . . . . . . 108

4.79 Mach Number (M) contours for the test case of Helium sonic trans-
verse injection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.80 Density (ρ) contours for the test case of Helium sonic transverse
injection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4.81 Detailed view around the injection zone, showing the contours of
the Mach number (M), showing the formed recirculation zones . . . 111

4.82 Temperature (T ) contours for the test case of Helium sonic trans-
verse injection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112

4.83 Contours of the mass fraction of Helium (YHe), which transversely
injected to air supersonic flow . . . . . . . . . . . . . . . . . . . . . 112

4.84 The solution of pressure at the lower wall around injector, compared
to experimental results and previous calculations (ref. [54]) . . . . . 113

4.85 The solution of pressure at x = 216 mm from the duct inlet, com-
pared to experimental results and previous calculations (ref. [54]) . 113

4.86 Schematic diagram for single two-dimensional strut Scramjet Engine 116
4.87 87 × 51 mesh, used in solving turbulent 2D flow in single strut

scramjet engine . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

viii



4.88 200 × 51 mesh, used in solving turbulent 2D flow in single strut
scramjet engine . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

4.89 Turbulent fluctuation of Hydrogen mass fraction (YH2
) around an

averaged solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120
4.90 Mach number (M) contours of the non-reacting case solution, for

mesh size 87× 31 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
4.91 Temperature (T ) contours of the non-reacting case solution, for

mesh size 87× 31 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121
4.92 Hydrogen mass fraction (YH2

) contours of the non-reacting case so-
lution, for mesh size 87× 31 . . . . . . . . . . . . . . . . . . . . . . 121

4.93 Hydrogen mass fraction (YH2
) contours within the upper injection

zone, for the non-reacting case solution, for mesh size 87× 31 . . . 122
4.94 Mach number (M) contours of the non-reacting case solution, for

mesh size 200× 51 . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
4.95 Temperature (T ) contours of the non-reacting case solution, for

mesh size 200× 51 . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
4.96 Hydrogen mass fraction (YH2

) contours of the non-reacting case so-
lution, for mesh size 200× 51 . . . . . . . . . . . . . . . . . . . . . 123

4.97 Mach number (M) contours within the upper injection zone, for the
non-reacting case solution, for mesh size 200× 51 . . . . . . . . . . 123

4.98 Hydrogen mass fraction (YH2
) contours within the upper injection

zone, for the non-reacting case solution, for mesh size 200× 51 . . . 123
4.99 Mach number (M) contours of the reacting case solution, for mesh

size 200× 51 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
4.100Temperature (T ) contours of the reacting case solution, for mesh

size 200× 51 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126
4.101Water mass fraction (YH2O) contours of the reacting case solution,

for mesh size 200× 51 . . . . . . . . . . . . . . . . . . . . . . . . . 126
4.102Hydrogen mass fraction (YH2

) contours of the reacting case solution,
for mesh size 200× 51 . . . . . . . . . . . . . . . . . . . . . . . . . 127

4.103Mach number (M) contours within the upper injection zone, for the
reacting case solution, for mesh size 200× 51 . . . . . . . . . . . . . 127

4.104Water mass fraction (YH2O) contours within the upper injection
zone, for the reacting case solution, for mesh size 200× 51 . . . . . 127

4.105Hydrogen mass fraction solution at different station, for the reacting
case for mesh sizes 87× 31 and 200× 51 . . . . . . . . . . . . . . . 130

4.106Temperature solution at different station, for the reacting case for
mesh sizes 87× 31 and 200× 51 . . . . . . . . . . . . . . . . . . . . 130

4.107Previous solution for water mass fraction at different station, for
the reacting case (ref. [13]) . . . . . . . . . . . . . . . . . . . . . . . 131

4.108Water mass fraction solution at different station, for the reacting
case for mesh size 200× 51 . . . . . . . . . . . . . . . . . . . . . . . 131

4.109Previous solution for normalized temperature at different station,
for the reacting case (ref. [13]) . . . . . . . . . . . . . . . . . . . . . 132

4.110Temperature solution at different station, for the reacting case for
mesh size 200× 51 . . . . . . . . . . . . . . . . . . . . . . . . . . . 132

4.111Normalized pressure solution on the upper wall, compared to the
previous solution (ref.[13]) . . . . . . . . . . . . . . . . . . . . . . . 134

ix



Acknowledgements

Many people contributed with their support, advise, time, and encouragement in

presenting this work. I would like to thank first my supervisors Dr. Ali A. Hashem,

Dr. Farouk M. Owis, and Dr. Moumen M. Idris, for their encouragement and

guidance during my undergraduate and postgraduate studies. I will always remem-

ber the great role of Dr. Hashem in both my academic and personal lives, during

the undergraduate studies, in my graduation project, and in my Master thesis. He

always provide me with his support, love and care. Besides, I always remember the

invaluable counsels and urging of Dr. Owis in my undergraduate and postgraduate

studies. Finally, my deepest thanks are presented to Dr. Idris for his encourage-

ment to proceed in my academic research and my future progress. They all spent

generously their time and effort for helping me in this work.

The major of debt of thanks is owed to all professors in Aerospace Engineer-

ing Department, Cairo University, who devote all their efforts and time for

all their students, with the goal of preparing new aerospace engineers with glob-

ally competitive skills. I would like to express my truthful thanks especially to

Dr. Mohammed M. Abdelrahman for his precious advices during my undergradu-

ate and postgraduate studies, and for his encouragement to advance towards my

career future. In addition, I would like to thank Dr. Ola I. Rashed, as she has

been encouraging me to be interested in aerothermochemistry studies since my un-

dergraduate studies. I would like to express my honest gratitude to Dr. Ibrahim

Shabakah, Dr. Galal B. Salem, Dr. Hany M. Negm, Dr. Edward A. Sadek, Dr.

Gamal El-Bayoumi, Dr. Badea Hafez, and Dr. Mohammed Khalil. As, I cannot

deny their enormous contribution to widen my horizons of scientific thinking, dur-

ing my undergraduate study. I would like to deliver special thanks to Dr. Basman

El-Hadidi, for his invaluable advices and support, along my undergraduate and

postgraduate study.

Finally, my truthful acknowledgement is reserved for my father and mother, and

for my brothers: Tamer and Wael, for their moral and emotional support in all

my life. And, I would like to dedicate my work to them.

x



Nomenclature

English Symbols

Symbol Definition

A Arrhenius pre-exponential coefficient

A+ Van Driest damping term constant

Ao Intermediate function utilized in clustering transformation

A, B Convective flux Jacobian in x and y directions

A, B Convective flux Jacobian in ξ and η directions

b Specific body force

c Speed of sound in (x, y) domain

cp Specific heat coefficient at constant pressure

cv Specific heat coefficient at constant volume

c∗v Roe scheme’s definition for cv at the cell face

c∗vm
Roe scheme’s definition for cv for each species at the cell face

Ccp, Cwk, CKelp Baldwin-Lomax closure coefficients

dmx, dmy Time-averaged dimensionless mass fluxes in x and y directions

D Mass diffusivity coefficient

e Time-averaged dimensionless specific internal energy

em Time-averaged dimensionless species specific internal energy

Et Time-averaged dimensionless total specific internal energy

es Time-averaged dimensionless mixture sensible specific internal energy

Eacv Activation energy

E,F Convective fluxes in the x and y directions

Ev, Fv Diffusive fluxes in the x, y directions

ER, EL Right and Left eigenvectors matrices

E,F Convective fluxes in the ξ and η directions

Ev, Fv Diffusive fluxes in the ξ and η directions
−→
F Total flux vector in (ξ, η) domain

f, f1, f2, f3 General flow variables

F/O Fuel to oxygen ratio
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FKlep Klebanoff’s intermittency empirical function

F (n) Intermediate function in the Turbulence Approach

Fmax Maximum value of F (n)

h Time-averaged dimensionless specific enthalpy

h1, h2, h3 Transformation coefficients to a general orthogonal axes

Ht Time-averaged dimensionless total specific enthalpy

hs Time-averaged dimensionless mixture sensible specific enthalpy

ho
f Enthalpy of formation measured at the energy reference level

H Convective axisymmetric vector term

Hv Diffusive axisymmetric vector term

H Chemical source term Jacobian in the (x, y) domain

H Chemical source term Jacobian in the (ξ, η) domain

I Identity matrix

J Transformation Jacobian
−→
i ,
−→
j Unit vectors in the x and y axes respectively

−→
i ,
−→
j Unit vectors in the ξ and η axes respectively

imax, jmax Number of the discrete nodes in ξ and η directions respectively

k Thermal conductivity coefficient

kf Forward reaction rate

kb Backward reaction rate

Kp Reaction equilibrium constant

K Baldwin-Lomax closure constant

Le Lewis number

lmix Mixing length

M Mach number

M Mass

M Molecular weight

N Number of moles

N Arrhenius temperature exponent

n Normal distance from the wall, or the jet centerline

n̂ Unit vector normal to the boundaries towards the domain

n̂w Normal unit vector from the wall, or the jet centerline

n̂S Normal unit vector out off the surface of the discrete control volume

ns Number of species

nr Number of reaction

nmax The value of n at which F (n) = Fmax

P Pressure

Pnorm Normalized pressure

Pr Prandtl number
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Q Conservative flow variables vector in the (x, y) domain

Q Conservative flow variables vector in the (ξ, η) domain

qx, qy Heat fluxes in x and y directions

q̂ Roe-averaged velocity magnitude
−→r wp,

−→r p,
−→r w Position vectors

R Universal gas constant

R Gas constant

r Flow variable slope at the cell face

r Geometric progression rate

R Right hand side of the partial differential equation

(Residual for steady-state problems)

RI Right hand side of the invscid fluxes

RV Right hand side of the viscous fluxes

RC Right hand side of the chemical source term

S Source term vector in the physical domain

S Source term vector in the computational domain

Sc Schmidt number

S The total surface of the discrete control volume

T Time-averaged dimensionless temperature

T ∗ Time-averaged Temperature

To Energy reference level temperature

Tnorm Normalized temperature

t Time

∆t The time step between from the time level (n) to level (n+ 1)

∆t
min

Minimum value of ∆t for the whole computational domain

∆t
local

Local value of ∆t at each point in the computational domain

u Time-averaged dimensionless velocity component in x direction

v Time-averaged dimensionless velocity component in y direction

U , V Contravarient velocities in the ξ and η directions respectively

U ′, V ′ Velocity components normal to the constant ξ and η lines respectively

U∞ Freestream velocity magnitude

V Time-averaged dimensionless velocity magnitude
−→
V Velocity vector

uτ Wall friction velocity

udiff Difference between maximum and minimum velocity magnitudes

W Characteristic variable / Wave strength

X Mole fraction

Y Mass fraction

x, y Orthogonal axes in the physical domain
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xnorm, ynorm Normalized axial and transversal distances

X, Y Intermediate coordinate system in the physical domain

Greek Symbols

Symbol Definition

α Logical switch between two dimensional and axisymmetric domains

αy, βy, βx Grid lines clustering constants

γ Specific heat ratio

Γ Intermediate function utilized in clustering transformation

δij Kronecker delta function

δ1 First and smallest spatial interval next to the wall surface

ε Logical Switch between first and second order spatial accuracy

κ Kármán constant

λ Eigenvalue of the convective flux Jacobian

λξ Eigenvalue of the convective flux Jacobian in ξ-direction

λη Eigenvalue of the convective flux Jacobian in η-direction

Λ Diagonal matrix of the eigenvalues of the convective flux Jacobian

Λξ Diagonal matrix of the convective Jacobian eigenvalues in ξ-direction

Λη Diagonal matrix of the convective Jacobian eigenvalues in η-direction

µ Dynamic viscosity

ν Kinematic viscosity

ν ′ Stoichiometric coefficient of the reactants

ν ′′ Stoichiometric coefficient of the products

ξ, η Generalized axes in computational domain

ξx, ξy Derivatives of ξ with respective to x and y respectively

ηx, ηy Derivatives of η with respective to x and y respectively

∆ξ, ∆η The spatial discretization step in the computational domain

ρ Time-averaged dimensionless density

σ Courant-Friedrichs-Lewy (CFL) number

τ Time-averaged dimensionless shear stress

φ Equivalence ratio

ψ Slope limiter function

Θξ,Θη, ψ̂m Energy terms in Roe’s formulation of cell face convective flux

ω Vorticity vector magnitude

ω̇ Time-averaged dimensionless chemical source term
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Indices, Subscripts and Superscripts

Subscripts

Symbol Definition

F Properties at the cell face

max, min Maximum, and Minimum values respectively

mix Whole mixture property

L Laminar flow property

ref Test case reference value

st Stoichiometric property

T Turbulent flow property

w Property at the wall

in Given flow inlet condition

out Given flow exit condition

Indices

Symbol Definition

i, j, k Spatial indices

m, q, p Species indices

r Reaction index

n Time level index

Superscripts

Symbol Definition

o Energy reference level

L, R Properties of the cell face, at the left and right sides respectively

Other

Symbol Definition

+ Sub-layer scaled value referred to properties at the wall̂ Roe averaging at the cell interface

〈 〉 Averaging between the left and right sides of the cell face

[[ ]] Difference or jump between the left and right sides of the cell face
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Abbreviations

Symbol Definition

1D One-dimensional

2D Two-dimensional

DNS Direct Numerical Simulation

CFD Computational Fluid Dynamics

CFL Courant-Friedrichs-Lewy

LES Large Eddy Simulation

MUSCL Monotone Upstream-centered Schemes for Conservative Laws

PDF Probability Density Function

RANS Reynolds averaged Navier-Stocks

TVD Total Variation Diminishing

Chemical Symbols

Symbol Definition

H2 Hydrogen molecule

H2O Water molecule

O2 Oxygen molecule
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Abstract

This study investigates the steady state two-dimensional flow in scramjet com-

bustors. Mixing and combustion process involves complicated interacting flow

features such as: shock-wave / boundary-layer interactions, shock induce combus-

tion, and recirculation zones. The flow is modeled by Reynolds Averaged Navier-

Stocks equations (RANS), where chemical kinetics model is applied to compute

the finite rates of chemical reactions due to the small residence time of species

inside engine. Turbulence is modeled based on Boussinesq’s assumption, using

the Baldwin-Lomax algebraic model, taking into account Degani and Schiff mod-

ifications. Turbulent heat and mass fluxes are modeled by using constant values

of Prandtl and Schmidt number.

Finite-volume scheme is applied; where the convective fluxes are discretized by

second order accurate Roe’s scheme, using MUSCL approach, and satisfying Total

Variation Diminishing (TVD) conditions by utilizing minmode limiter, while, the

diffusive fluxes are centrally discretized. Second order temporal accurate Runge-

Kutta method is used in pseudo time-integration of steady state flows. Point-

Implicit scheme solves the stiffness problem resulting from the very small chemical

characteristic time, by implicit treatment of the chemical source term implicitly,

and explicit treatment of other flow terms.

The code is validated by several test cases including: laminar and turbulent flow

over flat plate, invscid reacting flow with/without shocks in axisymmetric nozzle,

turbulent reacting flow in a ramped duct, and Helium transverse sonic injection

into supersonic air flow. Then, air-hydrogen flow is studied in a single strut scram-

jet engine, where mixing and flame holding processes are carried out using fuel

transverse sonic injection, which creates high adverse pressure gradients, result-

ing in formation of separation shock, followed by a low-speed high-temperature

recirculation zone in front of the injection zone, where the combustion process

is sustained. Present results approach qualitatively and quantitatively to that of

previous literature.

xvii



Chapter 1

Literature Review

1.1 Introduction

Air-breathing hypersonic vehicle is one of the most ambitious and challenging de-

sign concepts for the future aerospace plane, which is hoped to carry out orbital

missions in atmospheric regions, or to assist in space access. The conceptual design

of their operation can be simplified in: considering the breathed air as the main

source of oxidizer, and the dependence on the ram-effect in raising the incoming

air static pressure. As a result, this type of hypersonic air-vehicles can be so com-

petitive to the rocket-powered missiles, in the previously mentioned missions, for

the same flight speeds, as they are much lighter. That is because there is neither

oxidizer storage tanks, nor turbo-machines used in air-compression. Consequently,

there is a rising attention about developing air-breathing engines of satisfactory

performance and efficiency at hypersonic regimes.

This concept was first seriously examined by U.S. Air Force in the early 1960’s,

and a combination of air-breathing and rocket propulsion was intended to power

the vehicle. Work on the early aerospace plane was canceled in October 1963 due

mainly to the design requirements exceeding the experimental and computational

facilities at that time. [63],[64]

This idea has been resurrected in the mid-1980’s by both NASA and the Depart-

ment of Defense, as well as by European aerospace companies. These aerospace

planes will rely primarily on air-breathing propulsion provided by supersonic com-

bustion ramjet engine (scramjet), which are preferred that ramjet engines in hy-

personic regimes. That is because the conventional ramjets always decelerate the

incoming air to a subsonic velocity within the combustor, by a system of strong

shocks, which become more intense at higher flight speeds, and so stronger and
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heavier engine structure is required. On the other hand, as combustion takes place

mainly at supersonic speeds in scramjet engines, the stagnation pressure recovered

from the freestream is greatly raised, and as a result, the net thrust is improved.

In that regard, it is important to mention an aspect that distinguishes the hy-

personic aerospace plane concepts from conventional subsonic and supersonic air-

plane design, whose components can be treated as separate aerodynamic bodies

with only a moderate interactions. On the other hand, hypersonic aerodynamic

design is exactly the opposite. Figure (1.1) illustrates an example of scramjet-

powered hypersonic air vehicle, where the waverider airframe is fully integrated

with the propulsive system, wherein the entire undersurface of the vehicle is part

of the scramjet engine. Initial compression of the air takes place through the

bow shock from the nose of the aircraft; further compression and supersonic com-

bustion take place inside a series of modules near the rear of the aircraft, and

then expansion of the burned gases is partially taking place through nozzles in

the engine modules, but mainly over bottom rear surface of the aircraft, which is

sculptured to a nozzle-like shape. Moreover, most of the lift is produced by high

pressure behind the bow shock wave and exerted on the vehicle undersurface. So,

the propulsion mechanism and airframe are intimately incorporated.

Figure 1.1: (a) Propulsion airframe Integrated Scramjet and (b)

Schematic diagram for a single model in scramjet engine
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1.2 Air-Fuel Mixing and Flame Holding

Hydrogen is considered the best choice for scramjet engine fuel, due to its high

calorific value, in addition to the very fast rate of its dissociation. That ensures

an efficient combustion of the supersonic air-fuel flow inside scramjet combustor.

It is mostly likely to be stored in liquid state in pressurized tanks to reduce the

overall storage volume.

As the residence time of the reactants inside scramjet engine is of order millisec-

onds, cruising at very high Mach number arises challenges in fuel-air mixing, and

in flame holding and stabilization. Many techniques are suggested and studied to

enhance air-fuel mixing,[58] using compression or expansion ramps, pulsed jets,

or shear-layer/shock-wave interactions, etc.. . Flame-holding in the supersonic

flowfield is attained by providing the necessary activation energy for combustion

initiation, in very small fraction of time. Shock-induced combustion, or plasma

torches are the most feasible flame-holding candidates. However, transverse sonic

fuel injection into supersonic air inlet flow, as shown in figure (1.2), is one of

the most efficient techniques suggested to enhance both air-fuel mixing and flame

holding.

As shown in figure (1.2), the supersonic inlet flow is decelerated by the high

pressure gradient due to the sonic fuel injection perpendicular to the main flow

stream, forming a separation shock followed by a strong bow shock, after which

the decelerated air diffuses into the injected fuel through the mixing layer. When

we focus on the injection zone, we find a barrel-shaped stream-tube surrounded

by jet shocks, where the injected fuel is accelerated into supersonic speed and

then chocked again at a circular plan, which is known as “Mach Disk”. The sep-

aration shock creates a recirculation zone located in front of the injection zone,

which plays a great role in air-fuel mixing and flame holding processes. The low

speeds vortices are efficiently stirring the perpendicular streams of air and fuel.

Also, combustion is sustained due to the effect of the upstream separation shock

in deceleration the incoming supersonic air flow, and raising temperature inside

the front recirculation region. In this study, mixing and combustion processes are

investigated in case of using transverse sonic fuel injection technique.
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Figure 1.2: Different aerodynamic phenomena in sonic transverse injec-

tion to supersonic flow stream

1.3 Modelling Overview

Since the great progress in the computational resources in 1980’s, computational

fluid dynamics (CFD) has proven to be an invaluable tool for the design and anal-

ysis of high speed propulsion devices. It is capable of estimating the main design

features of scramjet engines, instead of implementing a great set of prototype ex-

periments.

The unsteady Navier-Stokes equations, which are generally considered to gov-

ern turbulent flows, can be solved by Direct Numerical Simulation (DNS), Large

Eddy Simulation (LES), or Reynolds-Averaged Navier-Stocks equations (RANS).

RANS simulations are now routinely used in design parametric studies of scramjet

engine, and in the development of the main engine features. RANS approach is

based on time-averaging the turbulent fluctuations in the flow variables magni-

tude. Higher order modeling approaches, such as Large Eddy Simulation (LES),

offer significant advantages that overcome many of the shortcomings associated

with the statistical representation of time-averaged RANS closures. LES approach
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for turbulence closure attempts to resolve the filtered spatial-averaged large-scale

components of turbulence while modeling the smaller scales. Most of the trans-

port of mass, momentum, and energy (on the order of 90%) is done by the large

eddies, while the primary role of the small eddies is to dissipate these fluctua-

tions. Spalart [56] found that the application of a traditional LES approach on

airliner wing requires on the order of 1020 floating point operations. This value is

roughly one million times that of the largest RANS calculations attempted today.

The most accurate and the most expensive approach is the Direct Numerical Sim-

ulation (DNS) turbulence closure, where only unsteady Navier-Stocks equations

are applied, to resolve all flow features with all relevant length scales be resolved

from the smallest eddies to scales on the order of the physical dimensions of the

problem domain. The computational effort required for DNS approach is about

10 times that required by LES closure. [59] Accordingly, RANS approach is still

proven to be the efficient tool to explore the main flow features in scramjet engines.

As, the flow inside scramjet engine is mainly supersonic, the residence time of

reacting species is too short to achieve chemical equilibrium. Finite-rate chem-

istry model is the most convenient choice for the calculations of the species source

in the mixture. Over the 1980’s, a number of finite rate chemistry models for

the hydrogen-air system have appeared in the literature. Rogers and Schexnayder

[49] proposed as many as 60 reaction paths in their model; this is certainly one

of the most complete representations of hydrogen-air reaction. Unfortunately, the

enormous number of reaction paths and chemical species involved in the model

do not lend themselves feasible for a numerical investigation , at least with in the

current capability of state-of-the-art computers. The mechanism is reduced by

Hitch et al. [33] to 14 elementary reactions and 8 species. Although these models

are considerable less tedious than the 60-path model, they are expected to be too

costly to use for routine parametric studies. The global two-step chemistry model

of Rogers and Chinitz [48] offers an alternative to numerical investigators since it

is a finite rate model with only four species of reactants and products and with

only two reaction paths.

The most common species production rate closures used for high-speed react-

ing flows are based on laminar-chemistry, eddy break-up / dissipation, [42],[57] or

probability density function (PDF) [39],[51],[52] formulations. Approaches based

on a laminar-chemistry assumption simply ignore turbulence-chemistry interac-

tions by evaluating the chemical source terms based on mean flow properties.

Eddy break-up models are mixing limited models where the chemical time scale

is assumed to be limited by the dissipation rate of turbulent eddies. Formulations
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based on ideas borrowed from probability theory represent perhaps the most ele-

gant class of models for averaging the chemical source terms.

Turbulence modeling utilized is based on Boussinseq’s assumption, are divided

into numerous categories according to the number of the partial differential equa-

tions added to the whole governing equations. There are the field two-equations

turbulence model such as (k − ε) [16],[19] and (k − ω) [40] models, also there

are the One-Equation Turbulence Models such as Baldwin-Barth model [3], also

there is the Zero-Equation Model, or Algebraic Model which only requires an

algebraic equation solution to solve the turbulent flow properties, such as Cebeci-

Smith model [55], and Baldwin-Lomax model [2], which has no need to calculate

the boundary-layer thickness at each station which is necessary in the former

model. Because of its simplicity, Baldwin-Lomax algebraic model is widely used

for turbulent chemically reacting flows. However, Baldwin-Lomax model shows

overestimation of the length of attached flow in case of adverse pressure gradients,

Degani and Schiff [20] add some modifications to determine more accurately when

a strong vortical flow structure or a massive separation exists.

The order of magnitude of characteristic time of the chemical reactions is much is

less than that of flow residence time, even in case of supersonic combustion. Stiff-

ness arises from the great gap between the time scales of the coupled governing

equations. Full implicit treatment for the governing equations for two-dimensional

flows leads to solve simultaneous equations in pent-block diagonal matrix form,

which is suggested to be carried out by the iterative method of Lower-Upper

Symmetric Gauss-Siedel (LUSGS) method, suggested by Yoon and Jameson [67].

which is proved to be of highest efficiency and fastest convergence rate, as con-

cluded by Mottura et. al [44]. Otherwise, in order to reduce the computational

efforts of inverting the flow Jacobians, the convective and viscous flow fluxes are

treated explicitly, where only the chemical source term is solved implicitly, this

method is well-known as Chemistry-Implicit or Point-Implicit, which is first in-

troduced by Curtiss et al. [18], to decouple between the implicit treatment of the

stiff turbulent or chemical terms, from other flow terms, which are solved using

explicit scheme. For Point-Implicit scheme, mono-block diagonal matrix will be

solved, resulting in dramatic decrease in the computational effort, and in liberat-

ing time-stepping from chemical stiffness restriction.

There are some attempts to simplify the chemical source Jacobian formulation, as

presented by Eberhardt et al. [25], [26], and Kim et el. [37],[38], where partial

implicit treatment for the chemical source term is applied. As, it is proposed to
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write the chemical Jacobian in form of a lower or a diagonal matrices instead of

the full matrix form, in order to evade the matrix inversion efforts. However, using

partial formulation for the chemical Jacobian matrix leads to convergence rates

slowness and makes solver robustness more restricted with time-stepping in the

initial stages of the reactions.

Flux-vector and flux-difference splitting schemes was developed and numerically

applied, by Grossman et. al [30], for chemically and thermally nonequilibrium one-

dimensional flows. More extensions for multi-dimensional problem, were presented

by Walters et al. [62], where two reacting mechanisms were studied: two-reactions

H2-air model [48], and five-reactions N2-O2 dissociation model [10]. Bussing and

Murman [8],[9] used a finite volume point-implicit method, with multiple grid

accelerator to solve for flows over ramps and rearward facing steps. Shuen and

Yoon [54] employed fully implicit finite-volume, Lower-Upper Symmetric Succes-

sive Over-Relaxation scheme (LUSSOR). Their model is coupled with chemical

kinetics model of 8-species, 14-reactions model [33]. Eklund et al. [27], studied

relative merits of an Adam scheme and a Runge-Kutta scheme. The partially im-

plicit method and the global two-step chemistry model [48] was used successfully

by Drummond, et al. [21] to calculate premixed Hydrogen-air reacting flow using

a spectral method. Drummond and Weidner were the first who solved transverse

sonic injection of hydrogen into supersonic air flow in a single strut scramjet en-

gine, using finite difference MacCormak scheme, with complete chemical reaction

model. Chitsomboon and Tiwari [11],[12] used also a finite difference method for

similar problems. This particular type of reacting flow was solved again by Chit-

somboon , Tiwari, Drummond and Kumar [13], using finite rate chemistry model;

in the study, gaseous hydrogen fuel was injected perpendicular to the sidewalls and

the fuel struts of an inlet-combustor configuration. The results reported in these

studies have indicated that the semi-implicit method together with the global two-

step chemistry model provides a viable tool in numerical study of Hydrogen-air

reacting flow by using the full Navier-Stocks governing equations. Also, it was

conclude that equilibrium chemistry assumption leads to overestimation of the

net thrust of scramjet engine, as it predicts higher values of temperature, than

that calculated using finite-rate chemistry model.
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1.4 Objectives

This study is to construct a numerical code capable of resolving the flow fea-

tures details of mixing and combustion processes, in scramjet engines, applying

transverse sonic fuel injection technique. Also, it is aimed to analysis the role of

transverse sonic injection, in mixing enhancement, and flame stabilization. The

numerical code is required to be evaluated by several different test cases, deal-

ing with simple aerothermochemical phenomena, in order to be comprehend the

nature of supersonic turbulent chemically reacting flow field.
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Chapter 2

Mathematical Modeling

2.1 Introduction

For comprehensive modeling of complex flow features taking place in scramjet

combustors, such as shock waves, recirculation zones and shock - boundary layer

separation, full Navier-Stocks equations are adopted. Neither the thin wall ap-

proximation nor the parabolized form of Navier-Stocks equations is incapable of

resolving this flow complexity.

2.2 Full Navier-Stocks Governing Equations

Full Navier Stocks equations are applied to resolve thermally equilibrium, chem-

ically non-equilibrium flows. Favre’s weighted-based time averaging [29], which

is discussed in details in appendix B, is implemented in order to model to the

turbulence effects. In Addition, flow variables non-dimensionalization is utilized

to avoid round off errors in numerical calculations as explained in appendix A.

The dimensionless vector form of “Reynolds averaged Navier-Stocks” Equations

(RANS) for planar two-dimensional and internal axisymmetric turbulent chemi-

cally reacting flows, can be expressed symbolically as:

∂Q

∂t
+
∂E

∂x
+
∂F

∂y
+ αH =

∂Ev

∂x
+
∂Fv

∂y
+ αHv + S (2.1)

where:

α =

{
0, Planar two dimensional flow

1, Axisymmetric two dimensional internal flow
(2.2)

Q is the vector of flow conservative variables. E and F are the convective fluxes

vectors, on the other hand Ev and Fv are the diffusive fluxes vectors. The con-

vective and diffusive additional terms for internal axisymmetric flows are H and
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Hv respectively. Finally, S is the source term vector. The vectors length is equal

to (3 + ns) corresponding to the number of equations used for chemically non-

equilibrium mixture, where the number of the existing species is equal (ns). The

terms written in equation (2.1) can be expanded as follows:

Q =


ρ

ρu

ρv

ρEt

ρYm

 E =


ρu

ρu2 + P

ρuv

ρHtu

ρYmu

 F =


ρv

ρuv

ρv2 + P

ρHtv

ρYmv

 H = 1
y


ρv

ρuv

ρv2

ρHtv

ρYmv



Ev =


0

τxxp

τxy

τxxpu+ τxyv − qx

−dmx

 Fv =


0

τxy

τyyp

τxyu+ τyypv − qy

−dmy

 (2.3)

Hv =
1

y



0

τxy + y
∂τa
∂x

τyyp + τa − τθθ + y
∂τa
∂y

τxyu+ τyypv + τav − qy + y

(
∂

∂x
(τau) +

∂

∂y
(τav)

)
−dmy


S =


0

0

0

0

ω̇m



ρ and P represent the mixture density and pressure respectively. u and v are the

velocity components in x and y directions. The mixture total internal energy and

total enthalpy are symbolized in Et and Ht respectively. The thermodynamic re-

lations between flow variables for multi-species mixture will be discussed in details

in section 2.3.

Elements of viscous shear stress tensor represented in: τxx, τyy, τxy, and τθθ, are

shown in the above equations, such that τxxp and τyyp are the planar two dimen-

sional terms of τxx and τyy respectively, and τa is the axisymmetric extra term of

the both of τxx and τyy. Viscous shear stress tensor terms are described in more

details in section 2.4. Also, Modeling of heat fluxes in x and y directions (i.e. qx

and qy), and mass fluxes in x and y directions (i.e. dmx and dmy) is discussed in

section 2.5

Ym is the mass fraction of the mth species. As shown above, we apply for chem-

ically non-equilibrium mixture of ns species one global continuity equation, plus

10



(ns− 1) individual species equations. The mass fraction of the nsth species Yns is

calculated using the following equation:

Yns = 1−
ns−1∑
m=1

Ym (2.4)

2.3 Thermodynamic Model

The whole mixture is treated as an ideal gas governed by the following equation

of state:

P =
Tref

V 2
ref

ρRmixT (2.5)

The mixture properties are dependent on properties of the individual species in

addition to their mass fractions which represent the degree of dominance of each

species in the mixture. The mass fraction is defined as the ratio of the species

mass to the mixture mass. Similarly, the mole fraction is the ratio between the

species number of moles and the total moles of the mixture:

Ym =
Mm

Mmix

Xm =
Nm

Nmix

(2.6)

The mixture pressure, density, and other thermodynamic properties like the mix-

ture gas constant and specific heat coefficient at constant pressure on the mass

basis are expressed by the following equations:

ρ =
ns∑

m=1

Ymρm (2.7)

P =
ns∑

m=1

XmPm (2.8)

Rmix =
ns∑

m=1

YmRm = R
ns∑

m=1

Ym

Mm

(2.9)

cpmix
=

ns∑
m=1

Ymcpm (2.10)

The mixture enthalpy and internal energy are calculated from the superposition of

the contributions of the individual species, where each species enthalpy or internal

energy is dependent on the its heat of formation, and the behavior of its specific

11



heat coefficients with temperature, as follows:

h =
ns∑

m=1

Ymhm (2.11)

e =
ns∑

m=1

Ymem (2.12)

hm =
1

V 2
ref

ho
fm

+

T ∗∫
To

cpmdT ∗

 (2.13)

em =
1

V 2
ref

ho
fm

+

T ∗∫
To

cvmdT ∗

 =
1

V 2
ref

ho
fm

+

T ∗∫
To

(cpm −
R
Mm

)dT ∗

(2.14)

where T ∗ is the temperature value before non-dimensionalization:

T ∗ = T.Tref (2.15)

We assume that specific heat coefficient for each species (cpm) is a polynomial

function in the Temperature (T ). According to Mcbride et al. [43], the polynomial

coefficients for different species (i.e. O2, H2O, H2, OH, N2) are presented in

appendix D, for The mixture total enthalpy (Ht) and the total internal energy

are summation of the kinetic energy to the mixture enthalpy and internal energy

respectively:

Ht = h+
1

V 2
ref

(u2 + v2)

2
=

1

V 2
ref

ho
fmix

+

T ∗∫
To

cpmix
dτ +

(u2 + v2)

2

 (2.16)

Et = e+
1

V 2
ref

(u2 + v2)

2

=
1

V 2
ref

ho
fmix

+

T ∗∫
To

(cpmix
−Rmix) dT ∗ +

(u2 + v2)

2

 (2.17)

where the mixture enthalpy of formation is defined in the index notation as:

ho
fmix

=
ns∑

m=1

Ymh
o
fm

(2.18)
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From the previous we can conclude the relation between the between the total

enthalpy and total internal energy as following:

Ht − Et =
Rmix

V 2
ref

(T − To) =
P

ρ
− Rmix

V 2
ref

To

hs − es =
P

ρ
− Rmix

V 2
ref

To (2.19)

where are (hs) and (es) are the mixture sensible enthalpy and the mixture sensible

internal energy respectively, they are defined as:

hs = h− ho
fmix

=

T ∗∫
To

cpmix
dT ∗ (2.20)

es = e− ho
fmix

=

T ∗∫
To

(cpmix
−Rmix) dT ∗ (2.21)

The reference temperature degree (To) is set to be the absolute zero, to ensure pos-

itive sensible enthalpy and sensible internal energy as recommended by Anderson

[1], to enhance the stability of the numerical solution. So, the relation between

the mixture pressure and density to the mixture sensible internal energy becomes:

P

ρ
= (hs − es) +

Rmix

V 2
ref

To = es

(
hs

es

− 1

)
+
Rmix

V 2
ref

To = es (γ − 1) +
Rmix

V 2
ref

To (2.22)

The ratio of the mixture sensible enthalpy to the mixture internal energy is con-

sidered as the “equivalent” specific ratio of the multi-species mixture to simplify

the complexity of the thermodynamic relations as discussed by Shuen and Yoon

[54]. So the specific heat ratio is no longer defined by the ratio of the specific heat

coefficient at constant pressure to that at constant volume, (i.e. γ 6= cp/cv), but

it is defined as follows:

γ =
hs

es

=

T ∗∫
To

cpmix
dT ∗

T ∗∫
To

(cpmix
−Rmix) dT ∗

(2.23)

2.4 Viscous Stress Tensor Modeling

The viscous shear stress tensor is dependent on the velocity spatial gradients, and

on dynamic viscosity coefficient of the mixture. For planar and axisymmetric 2D
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flows, its diagonal elements are represented in τxx, τyy, and τθθ, where τxy is the

off-diagonal element in the (x, y) domain. The diagonal elements (τxx, and τyy)

are given as follows:

τxx = τxxp + τa (2.24)

τyy = τyyp + τa (2.25)

τxxp and τyyp are the longitudinal viscous shear stress in planar 2D coordinates.

And τa represent the additional term for each of τxx and τyy in case of axisymmetric

2D flows. They are expressed in dimensionless form as follows:

τxxp =
1

Reref

µ

[
4

3

∂u

∂x
− 2

3

∂v

∂y

]
(2.26)

τyyp =
1

Reref

µ

[
4

3

∂v

∂y
− 2

3

∂u

∂x

]
(2.27)

τa = −2

3

1

Reref

(
v

y

)
(2.28)

where Reref is the reference “Reynolds number”, which is formulated in terms

of the characteristic reference variables of the studied test case as in the next

equation:

Reref =
ρrefVrefLref

µref

(2.29)

Also, the last diagonal element of axisymmetric 2D flows (τθθ) is written as:

τθθ =
1

Reref

µ

[
4

3

v

y
− 2

3

(
4

3

∂u

∂x
− 2

3

∂v

∂y

)]
(2.30)

Finally, the off-diagonal element (τxy) is given in terms of the velocity gradients

as follows:

τxy =
1

Reref

µ

[
∂u

∂y
− ∂v

∂x

]
(2.31)

The total dynamic viscosity (µ) is considered the summation of the laminar dy-

namic viscosity coefficient (µL), to the turbulent eddy coefficient (µT ):

µ = µL + µT (2.32)

the former term, which is considered as the laminar dynamic viscosity coefficient of

the mixture, is taken as the same of nitrogen, due to the dominance of the nitrogen

properties in the mixture for air-Hydrogen combustion systems. According to

Chitsomboon and Tiwari [12], Sutherland’s equation for the nitrogen dynamic
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viscosity as a function in temperature is given as follows:

µL =
(1.458× 10−6)T ∗

3
2

T ∗ + 110.4
(2.33)

On the other hand, the later term is equivalent to the effect of the velocity turbu-

lent fluctuations, where the turbulent Reynolds’ shear stresses are modeled basing

on Boussinseq’s assumption [7], as shown in appendix B. More detailed explana-

tion of turbulent eddy coefficient modeling is presented in section 2.7.

2.5 Mass and Heat Fluxes Modeling

Mass concentrations and temperature gradients in space result in the transfer of

diffusive mass and heat fluxes respectively, the mass fluxes dmx and dmy of the mth

species in the x and y directions are written as below:

dmx =
−1

RerefScref

(
ρDL +

µT

ScT
Scref

)
∂Ym

∂x

dmy =
−1

RerefScref

(
ρDL +

µT

ScT
Scref

)
∂Ym

∂y
(2.34)

DL is the laminar mass diffusivity coefficient of mth species into the mixture. It is

observable that it is set constant for all species. In addition, Scref is the problem

characteristic “Schmidt number”, which is given as:

Scref =
µref

ρrefDref

(2.35)

On the other hand, the heat transfer is in the x and y directions is written as

follows:

qx =
1

Reref

[
−1

(γref − 1)M2
refPrref

kL
∂T

∂x
− 1

Scref

ns∑
m=1

hmρDL
∂Ym

∂x
− µT

PrT

∂h

∂x

]

qy =
1

Reref

[
−1

(γref − 1)M2
refPrref

kL
∂T

∂y
− 1

Scref

ns∑
m=1

hmρDL
∂Ym

∂y
− µT

PrT

∂h

∂y

]
(2.36)

kL is considered to be the mixture laminar conductivity coefficient. Mref and Prref

are the reference values of “Mach number” and “Prandtl number” respectively,
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which are are expressed as:

Prref =
µrefcpref

kref

(2.37)

Mref =
Vref√

γrefRrefTref

(2.38)

The turbulent terms of “Schmidt number” (ScT ) and “Prandtl number” (PrT )

are utilized to model the mass and heat turbulent fluxes respectively as shown in

appendix B. They are set to be constants as follows:

ScT = 0.9 PrT = 0.9 (2.39)

Modeling of mass and heat laminar transport coefficients (i.e. DL and kL) is based

on assuming constant values of the laminar terms of “Prandtl number” and “Lewis

number”. So, the laminar coefficients of mass diffusivity and heat conductivity can

be easily calculated in terms of the laminar viscosity coefficient given in equation

(2.33). First, the laminar “Prandtl number” is taken according to Chitsomboon

and Tiwari [12] as:

PrL = 0.72 (2.40)

And, the laminar conductivity coefficient (kL) is determined as following:

kL =
cpmix

µL

PrL

(2.41)

Second, it is well-known assumption, in combustion studies, to equate between the

heat and mass diffusivity coefficients, through setting the value “Lewis number”

to unity:

Le = 1 (2.42)

So the mass diffusivity laminar coefficient is expressed in terms of the laminar

conductivity coefficient as follows:

DL =
kL

ρ Le cpmix

(2.43)

2.6 Chemistry Modeling

Decoupling between Chemistry and Turbulence models is adopted in this study.

The random fluctuations in the magnitudes of temperature and mass fractions

are not considered in the calculations of the species source terms. For chemically

reacting non-equilibrium air-Hydrogen system, the combustion process is modeled

using a mechanism composed of a number of elementary reactions, not only one
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global reaction. Each elementary equation can be written as following:

ν ′m,rXm

kf




kb

ν ′′m,rXm (2.44)

(ν ′) and (ν ′′) are the stoichiometric coefficients of the reactants and products

respectively of each elementary reaction of index (r), where r = 1, 2, .., nr, where

(nr) is the total number of elementary reactions in the mechanism. (kf ) and (kb)

are the chemical reaction rates in the forward and backward directions respectively.

More elementary reactions are set, more the number of the intermediate species are

considered, more species continuity equation are studied, and more complex the

solution of the system of equations. The source term of each species of index (“m′′)

is calculated using the “law of mass action”. It is written in the dimensionless form

as follows:

ω̇m =
Lref

ρrefVref

Mm

nr∑
r=1

[
(ν ′m,r − ν ′′m,r)

(
kfr

ns∏
m=1

(
ρYm

Mm

)ν′m,r

− kbr

ns∏
m=1

(
ρYm

Mm

)ν′′m,r
)]

(2.45)

The forward reaction rate (kf ) is highly dependent on temperature, and the ther-

mal energy level of the mixture compared to the activation energy of each elemen-

tary reaction. It is calculated using the Arrhenius’ formula whose coefficients and

the temperature exponent is determined experimentally, it is written as following

for each elementary reaction of index (r):

kfr = ArT
Nr exp

(
−Eactv,r

R T

)
(2.46)

Air-Hydrogen combustion system is modeled by using the two reactions mecha-

nism suggested by Rogers and Chinitz [48], this two reactions model includes four

reacting species (O2, H2O, H2, and OH), besides Nitrogen N2, which is assumed

to be inert, because the mixture temperature in our applications is not so high to

initiate the Nitrogen-Oxides formation:

O2 + H2

kf1




kb1

2 OH (2.47)

2 OH + H2

kf2




kb2

2 H2O (2.48)
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The forward reaction rates for the two reactions are:

kf1 = A1T
−10 exp

(
−4063.6485

RT ∗

)
, kf2 = A2T

−13 exp

(
−35499.4988

RT ∗

)
(2.49)

In equation (2.49), the calculations are set to use the universal gas constant (R)

by using [kcal/kmole K] units, (i.e. R = 1.98589 [kcal/kmole K]). The pre-

exponential coefficients for the elementary reaction are function of the equivalence

ratio (φ), as following:

A1 =

[
8.917φ+

31.433

φ
− 28.95

]
(10)44 [m3/kmol sec

]
A2 =

[
2 +

1.333

φ
− 0.833φ

]
(10)58 [m6/kmol2 sec

]
(2.50)

The equivalence here is defined as the ratio between the ratio of actual Hydrogen

to oxygen ratio, and between the stoichiometric Hydrogen to oxygen ratio:

φ =
F/Ost

F/O
(2.51)

The stoichiometric Hydrogen to oxygen ratio is concluded from the one global

air-Hydrogen reaction:

2 H2 + O2 + 3 ·76 N2 → 2 H2O + 3 ·76 N2 (2.52)

The stoichiometric Hydrogen to oxygen mass ratio is equal to:

F/Ost = 0.125 (2.53)

The actual Hydrogen to oxygen ratio is defined here by the ratio of the Hydrogen

content to the oxygen content in the mixture, in our study system of five species.

So, the actual Hydrogen to Oxygen ratio is written as:

F/O =

YH2
+
MH2

MH2O

YH2O +
MH2

MOH

YOH

YO2
+ 0.5

MO2

MH2O

YH2O + 0.5
MO2

MOH

YOH

(2.54)

The backward reaction rates is calculated given the rates in the forward directions,

they are related by the reaction equilibrium constant (Kp) as following:

kb =
kf

Kp

(2.55)
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The reaction equilibrium constant, as well as, the reaction backward rate, for the

two-step mechanism are given as below:

Kp1 = 26.16 exp

(
−8992

T ∗

)
Kp2 =

(
2.682× 10−9

)
(T ∗) exp

(
69415

T ∗

) [
m3/kmol

]
(2.56)

kb1 =
kf1

Kp1

kb2 =
kf2

Kp2

(2.57)

It is so important to mention that the two-step mechanism is not accurate in

temperature range within 1000[K], as it wrongly predicts that chemical reaction

takes below 1000[K], and does not consider the long ignition time delay as the

temperature is below the ignition temperature. So, Tiwari and Chitsomboon

[12]. suggest to set in the numerical solver to prevent any chemical reaction for

temperature less than 1000[K].

2.7 Turbulent Dynamic Viscosity Modeling

Algebraic Baldwin-Lomax turbulence model is applied in calculating The turbu-

lent eddy coefficient eddy (µT ). It is considered a two-layer turbulence model;

where the turbulent dynamic viscosity coefficient (µT ) is calculated with one of

two different sets of algebraic equations, depending on the position from boundary

walls, or jets centerlines:

µT =

{
µTin

, n ≤ ncross

µTout , n > ncross

(2.58)

where (n) the distance from the wall (or the centerline of the wake or jet), and

(ncross) is the minimum distance , at which the eddy viscosity coefficients for both

the inner and outer regions, i.e. (µTin
and µTout). From the turbulent viscosity

profile µT for the two-layer model is illustrated in figure (2.1), we can find that

the criterion to calculate (µT ) as following:

µT = min (µTin
, µTout) (2.59)
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Figure 2.1: Typical Profile Turbulent Viscosity Coefficient for the Alge-

braic Two-Layer Turbulence (Wilcox [65])

The sets of calculations for two regions are listed as following:

• Inner Region The inner region eddy viscosity coefficient (µTin
) is calculated

in terms of the mixing length (lmix), and the vorticity vector magnitude (ω)

as following:

µTin
= ρl2mixω (2.60)

• Outer Region The eddy viscosity of the outer layer (µTout) is calculated as

following:

µTout = ρKCcpFwakeFKlep (2.61)

where, The vorticity vector magnitude for 2D coordinates is written as:

ω =

√[
∂u

∂y
+
∂v

∂x

]2

(2.62)

As this turbulence model is based on Prandtl’s mixing length hypothesis, we have

to define the mixing length in the form proposed by Van Driest:

lmix = κ n
(
1− e−n+/A+

)
(2.63)

The damping factor (e−n+/A+
) is eliminated for the case of wakes and jets. (n+) is
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defined as the dimensionless distance from the boundary wall, referred to the flow

properties at the wall. And, it is one of the main parameters of the law of the

wall, the other parameter is the dimensionless velocity (u+), which is defined as

the ratio between the velocity magnitude (Ṽ ) to the wall friction velocity (uτ ):

uτ =

√
τw
ρw

(2.64)

n+ =
uτρwn

µLw

(2.65)

u+ =
V

uτ

(2.66)

For above equations, we have to mention that in the case of non wall-bounded

regions like wakes and jets the dimensionless velocity (u+) is also equal to zero,

and to point that the friction velocity is (uτ ) is dependent on the wall shear stress

(τw) and the mixture density at the wall (ρw).

The other terms presented in equation (2.61) is presented as following:

Fwake = min

(
nmaxFmax, Cwknmax

u2
diff

Fmax

)
(2.67)

FKleb =

[
1 + 5.5

(
nCKleb

nmax

)6
]−1

(2.68)

where (udiff) is the difference in the between the maximum and minimum velocities

magnitudes in the boundary layer, i.e. (udiff = Vmax−Vmin), so in the wall-bounded

domains the minimum velocity equals zero and so udiff = Vmax. Besides, (Fmax) is

the max value of the intermediate function F (n) along a certain line normal to the

wall or normal to the centerline of the jet. This function is written as following:

F (n) =
1

κ
lmixω (2.69)

Fmax = max
n

[F (n)] (2.70)

nmax = n|
Fmax

(2.71)

As shown above, nmax is the normal distance (n) at which the function (F ) reaches

its maximum value. This turbulence approach consists of six closure constant listed

below according to Baldwin and Lomax [2]:

A+ = 26 Ccp = 1.6 CKleb = 0.3

Cwk = 0.25 κ = 0.4 K = 0.0168
(2.72)

21



In spite of the excellent performance of the Baldwin and Lomax method in solving

attached flows, it predicts incorrectly the separation point location for strong

pressure gradients. Degani and Schiff [20], added some modifications to Baldwin

and Lomax model to eliminate the reasons leading to the model deficiency when

used in separated flows. They found that there are dramatic differences in the

behavior of the intermediate function F (n) in the attached and separated flows,

which have considerable effects on the calculations. In part (a) of figure (2.2), it

is found that there is one local maximum point in the function F (n), where the

global maximum of the function (Fmax) can be estimated. However, in separated

flows, illustrated in part (b), there will be multiple local maxima. By implementing

equation (2.70)to get (Fmax), the global maximum will be selected, which is not

considered the right choice. That is because the local maxima far away from the

wall or jets, represent recirculating zone of high vorticity magnitude. The right

choice is to select the nearest local maximum from the wall or jet centerline in

order to substitute in the turbulence model calculations with the physical correct

values of Fmax and nmax.

Figure 2.2: The intermediated function F (n) behavior for: (a) attached

flows and (b) separated flows

The normal distance from the wall is calculated as mentioned in reference [36];

It is defined as the normal distance from the concerned point to the wall at the

point of the same vertical mesh line. For more explanation: if we have a point of

spatial indices (i, j), i.e. found at the intersection of the ith vertical mesh line and

the jth horizontal mesh line, the normal distance to the wall is from the previously

mentioned point to the point at the wall with the same (i) index. Note the mesh
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line of (j) indices is parallel to the wall.

Figure 2.3: Schematic for the calculations of the normal distance from

the wall, (ref. [36])

The normal distance is equal to the component of the vector (−→r wp)originated from

the wall at the point of spatial indices (i, jw) to the specified point of indices (i, j),

in the direction of the unit vector normal to the wall (n̂w). The vector is (−→r wp) is

the difference between the two position vector: the position vector of the specified

point (−→r p) and that of the point at the wall (−→r w):

n = −→r wp · n̂w + (−→r p −−→r w) · n̂w (2.73)

As shown in figure (2.3), the normal distance calculations are acceptable for mesh

lines having smooth curvatures, as in part (a). But for very strong curvatures,

there will be incorrect estimation of the normal distance, as shown in part (b). It

is recommended for the second case to utilize field equations turbulence models

instead.
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Chapter 3

Numerical Method

3.1 Introduction

Computational procedures to solve turbulent chemically reacting flow are repre-

sented in discretizing the domain of the test case required to be solved, into a

number of cells, where the finite-volume method is applied in each cell (which is

considered as a control volume) and utilize the governing equation presented in

(2.1) in a discretized integral form . As a result, the equation can be written

in terms of the flow variables and fluxes at the cell’s centroid and faces, where

the faces convective fluxes will be modeled utilizing approximate Riemann solvers

proposed by Roe [47]. Furthermore, second order spatial accuracy is attained by

primitive variable extrapolation using MUSCL approach “Monotone Upstream-

Centered Schemes for Conservative Laws”, which is first suggested by Van-Leer

[60], and it is named after his numerical code applying it. On the other hand, the

diffusive (or viscous) fluxes are centrally discretized satisfying the second order

accuracy in space.

As we are interested in steady-state flows, the final steady-state solution can be

achieved by pseudo time integrating the governing equations. The time march-

ing is of second order temporal accurate, by implementing two-step Runge-Kutta

method. And, to overcome the stiffness caused by the chemical source term, and to

avoid heavy computations of inversion of huge matrices required in fully implicit

schemes, it is set to treat the flow terms explicitly and chemically source term

implicitly. This scheme is called the point-implicit or chemistry-implicit scheme.

Algebraic grid generator is used for domain discretization, where the mesh points

are clustered in the regions near walls and around jets using different clustering

functions. All computations are carried out in a Cartesian generalized domain,
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to which the equations are transformed from the physical domain. More detailed

insight for the computational solving features will be illustrated in this chapter.

3.2 Physical to Computational Domain Trans-

formation

To simply the discretized equations for structured meshes, it is recommended that

all domain cells have the same dimensions. That is can be fulfilled by transforming

the governing equations from the physical domain to a generalized domain having

an equal spatial step between grid points.

3.2.1 Governing Equations in The Computational Domain

By applying the transformation relations between the physical domain (x, y) and

computational domain (ξ, η). The flux vector form of the governing equations,

which is written in the physical domain as in equation (2.1), can be written in the

computational domain as follows:

∂Q

∂t
+
∂E

∂ξ
+
∂F

∂η
+ αH =

∂Ev

∂ξ
+
∂Fv

∂η
+ αHv + S (3.1)

where:

Q =
1

J
Q

E =
1

J
(ξxE + ξyF ) F =

1

J
(ηxE + ηyF )

Ev =
1

J
(ξxEv + ξyFv) Fv =

1

J
(ηxEv + ηyFv)

H =
1

J
H Hv =

1

J
Hv S =

1

J
S (3.2)

where the transformation relations between the physical domain and the compu-

tational are:

J =
∂ (ξ, η)

∂ (x, y)
=

1

xξyη − xηyξ

ξx =
∂ξ

∂x
= Jyη = J

∂y

∂η
ξy =

∂ξ

∂y
= −Jxη = −J ∂x

∂η

ηx =
∂η

∂x
= −Jyξ = −J ∂y

∂ξ
ηy =

∂η

∂y
= Jxξ = J

∂x

∂ξ
(3.3)

For more computations simplification, the spatial step in the computational do-

main in either ξ or η directions (i.e. ∆ξ, and ∆η) have the same length, which is
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equal to unity, as illustrated in figure (3.1). Furthermore, that makes each point

spatial indices in ξ and η directions, which are notated as i and j respectively

determine precisely its location in the computational space.

3.2.2 Declaration of Vectors Normal to Cell Faces

Defining the vector normal to the cell faces and the structured grid lines in the

physical space is necessary in our computations, to determine the normal distance

from the wall as in equation (2.73), also to calculate the velocities normal to the

boundary cell faces and compare them with eigenvalues at boundaries as discussed

in details in section 3.5.

At first, the vector normal to a horizontal line of fixed (j) index (or fixed value of

eta) must parallel to the vector (−→n ) which is defined as:

−→n j−fixed = ηx
−→
i + ηy

−→
j (3.4)

And, the unit vector in its direction is written as:

n̂j−fixed =
ηx
−→
i + ηy

−→
j

|∇η|
(3.5)

where: |∇η| =
√
η2

x + η2
y

In like manner for the unit vector normal to vertical line of fixed i-index (or fixed

ξ) is expressed as:

n̂i−fixed =
ξx
−→
i + ξy

−→
j

|∇ξ|
(3.6)

where: |∇ξ| =
√
ξ2
x + ξ2

y

Similarly, when talking about the contravarient velocities,which are normal to

the cell faces, and so they are perpendicular to the grid lines, they written as

follows:

U =
−→
∇ξ ·

−→
V = ξxu+ ξyv V =

−→
∇η ·

−→
V = ηxu+ ηyv (3.7)

where (U) and (V) are the contravarient velocities normal to the cell faces in the

directions of ξ and η respectively. Consequently, the physical velocity components

(U ′, V ′), which are normal to the mesh lines of fixed values of ξ and η respectively,
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and directed into the inside domain, can be expressed as:

U ′ = n̂i−fixed ·
−→
V =

ξxu+ ξyv

|∇ξ|
V ′ = n̂j−fixed ·

−→
V =

ηxu+ ηyv

|∇η|
(3.8)

3.2.3 Eigenvalues of the convective flux Jacobian in The

Computational Domain

As we can write the general form of the eigenvalues in the vector notation as:

λ1, λ2, ..., λns, λns+1 =
−→
V · n̂

λns+2 =
−→
V · n̂+ c

λns+3 =
−→
V · n̂− c

(3.9)

where (n̂) is the unit vector normal to the boundary and directed inward the

domain. By substitution equation (3.8) in the above equation, we can write the

eigenvalues of the Jacobian matrix of the convective fluxes in ξ-direction and η-

direction as follows:

• Eigenvalues of the convective flux Jacobian in ξ-direction

λξ1 , λξ2 , ..., λξns , λξns+1 = U ′

λξns+2 = U ′ + c

λξns+3 = U ′ − c

(3.10)

• Eigenvalues of the convective flux Jacobian in η-direction

λη1 , λη2 , ..., ληns , ληns = V ′

ληns+2 = V ′ + c

ληns+3 = V ′ − c

(3.11)

As we know that that eigenvalues for any system have no unique values, and so

they can be scaled by some factor. We can write the eigenvalues for both the

convective fluxes Jacobians in ξ and η directions, after multiplying them by |∇ξ|
and |∇η| respectively:

• Eigenvalues of the convective flux Jacobian in ξ-direction

λξ1 , λξ2 , ..., λξns , λξns+1 = U
λξns+2 = U + c |∇ξ|
λξns+3 = U − c |∇ξ|

(3.12)
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• Eigenvalues of the convective flux Jacobian in η-direction

λη1 , λη2 , ..., ληns , ληns = V
ληns+2 = V + c |∇η|
ληns+3 = V − c |∇η|

(3.13)

3.3 Spatial Discretization

Here, different elements of equations discretization in space will be considered in

more details, represented in Finite-volume Method formulation of the governing

equation at each cell in the computational domain, and modeling the convective

and diffusive fluxes at each cell face.

3.3.1 Structured Finite-Volume Scheme

The Integral Vector Form of Governing Equations

Starting from equation (3.1) the integral vector form for cell of volume (V) is

described as:

y

V

[
∂Q

∂t
+
∂
(
E − Ev

)
∂ξ

+
∂
(
F − Fv

)
∂η

]
dV =

y

V

SdV− α
y

V

(
H −Hv

)
dV

(3.14)

where the cell’s depth in the 2D computational space is unity, so the cell’s volume

according to figure (3.1)is equal to:

dV = dξ.dη.1 (3.15)

By applying Green’s theory for volume integration for vector divergence (
−→
∇ ·

−→
F ),

where:

−→
F =

(
E − Ev

)−→
i +

(
F − Fv

)−→
j

−→
∇ ·

−→
F =

∂
(
E − Ev

)
∂ξ

+
∂
(
F − Fv

)
∂η

(3.16)

Green’s theory states in case of 2D domain:

y

V

−→
∇ ·

−→
FdV =

{

S

−→
F · n̂SdS =

{

S

[(
E − Ev

)
dη.1 +

(
F − Fv

)
dξ.1

]
(3.17)
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where (n̂S) is the unit vector directed outgoing the control volume normal to its

surface of total area (S). Substituting in equation (3.14) yields:

y

V

∂Q

∂t
dξdη+

{

S

[(
E − Ev

)
dη +

(
F − Fv

)
dξ
]

=
y

V

Sdξdη−α
y

V

(
H −Hv

)
dξdη

(3.18)

Figure 3.1: Finite-Volume scheme terminology for the structured mesh

in the computational space

Discretized Control Volume Terminology

Finite-volume scheme can be classified into two classes: The first class, which

is called cell-centered schemes, carry out the computations in terms of the flow

variables at the centroids of the discrete control volumes. On the other hand, cell-

vertex schemes apply the governing equations using the flow variables at the cell

vertices. Also, there is another categorizing of these schemes for, the first category

set the control volumes centroids at the mesh nodes. In contrast, the other group

of schemes make the control volumes coincide on the mesh cells, where the control

volume vertices are located at the mesh nodes.
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In our numerical model, as illustrated in figure (3.1), the utilized finite-volume

scheme evaluates the flow equations and store the domain variables in the cen-

troids of individual control volumes, which are positioned at the mesh nodes of

the discretized computational domain. Consequently, each face’s midpoint is ly-

ing in the halfway between two mesh nodes, and vertices of the control volume

is found in the middle of the surrounding grid cells. According to this definition,

this scheme can be considered as cell-center-nodal finite-volume scheme.

The whole computational domain is discretized into individual control volume,

whose flow properties are evaluated at their nodes. Reducing the discrete cells

size, improve spatial resolution, but also increase greatly the number of calcula-

tions, and vice versa. In our model, we set that the computational domain is

discretization in ξ-direction into imax nodes, and in η-direction into jmax nodes,

such that there are (imax−2)×(jmax−2) interior nodes representing the control

volumes centroids, at which the discretized governing equations are applied, and

on the other side there are 2(imax−2)+2(jmax−2)+4 nodes on the boundaries,

where the flow variables are calculated given the equations given in section 3.5.

Discretized Vector Form of Governing Equations

By applying equation (3.18) for the control volume shown in figure (3.1), the

discrete integral vector form of the flow governing equation for an individual cell

is formulated as:

∆Qi,j

∆t
∆ξ∆η +

(
Ei+ 1

2
,j − Evi+ 1

2
,j

)
∆η −

(
Ei− 1

2
,j − Evi− 1

2
,j

)
∆η +

+
(
F i,j+ 1

2
− Fvi,j+ 1

2

)
∆ξ −

(
F i,j− 1

2
− Fvi,j− 1

2

)
∆ξ +

+ α
(
H i,j −Hvi,j

)
∆ξ∆η = Si,j∆ξ∆η

(3.19)

As discussed in section 3.4, (∆Qi,j) is the difference in the conservative variables

vector between two time levels:

∆Qi,j = Q
n+1

i,j −Q
n

i,j (3.20)
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So, equation (3.19) can be rewritten as:

1

∆t

(
Qi,j

n+1 −Qi,j

n
)

+

1

∆ξ

(
Ei+ 1

2
,j − Ei− 1

2
,j

)
+

1

∆η

(
F i,j+ 1

2
− F i,j− 1

2

)
+ αH i,j +

− 1

∆ξ

(
Evi+ 1

2
,j − Evi− 1

2
,j

)
− 1

∆η

(
Fvi,j+ 1

2
− Fvi,j− 1

2

)
− αHvi,j = Si,j (3.21)

3.3.2 Convective Fluxes Discretization

Roe’s Flux-Difference Splitting Upwind Scheme

Like other flux-difference splitting schemes, Roe’s scheme presents an approximate

solution for Riemann’s problem (i.e. shock tube problem) at each cell face, in order

to resolve the flow variable discontinuities. Ideal gases frozen flows can be solved

by Roe’s scheme [47]. This approach was extended by Grossman et. al [30] for

chemically and thermally nonequilibrium one-dimensional flows, and then more

extensions were presented by Walters et al. [62] for multi-dimensional problem,

from which we conclude the formulation of Roe’s flux-difference scheme employed

for chemically-nonequilibrium, thermally-equilibrium two-dimensional flows.

For the cell face convective fluxes presented in equation (3.21), where (Ei+ 1
2
,j, Ei− 1

2
,j)

are the fluxes in ξ-direction, and (F i,j+ 1
2
, F i,j− 1

2
) are in η-direction, the general

formulation of the cell interface convective flux in ξ-direction (EF), involves the

averaged value of the fluxes at the right and left sides of the face (ER, EL), and

the flux jump across the cell interface:

EF =
1

2

(
ER + EL

)
− 1

2
|Â|
(
Q

R −Q
L
)

=
1

2

(
ER + EL

)
− 1

2
|Â|δQ (3.22)

The second term in equation (3.22) represents the summation of the wave speeds,

where the Roe-averaged flux flow Jacobian in ξ-direction (|Â|) can be decomposed

into the diagonal matrix of absolute eigenvalues (|Λ̂ξ|), and the right and left

eigenvectors (ÊR, ÊL), where the flow variables are averaged between and right and

left sides of the cell interface by Roe scheme technique as discussed in equations

(3.37)-(3.43). So, the Roe-averaged flux Jacobian in ξ-direction is equal to:

|Â|δQ = ÊR|Λ̂ξ|ÊL δQ (3.23)

As the characteristic variables (W) is equal to the product of the left eigenvectors

matrix and the conservative variable vector, so the jump in the characteristic
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variables at the cell face or the wave strengthes (δŴ) is equal to:

δŴ = ÊL δQ (3.24)

By substituting equation (3.24) in (3.22), we have:

EF =
1

2

(
ER + EL

)
− 1

2
ÊR

∣∣∣Λ̂ξ

∣∣∣ δŴ =
1

2

(
ER + EL

)
− 1

2
[[E]] (3.25)

The second term of wave speeds superposition ([[E]]) in equation (3.25) can be

decomposed into three terms as follows:

[[E]] = [[E]]A + [[E]]B + [[E]]C (3.26)

Before writing down the elements of wave speeds summation, it should be men-

tioned that the averaging of the variable (f) between the left and right sides of

the cell interface is symbolized as:

〈f〉 =
1

2

(
fR + fL

)
(3.27)

It is important to consider what is expressed in equation (3.27), is not the accurate

definition of the flow variables properties at the cell interface, as the cell face prop-

erty (fF) is calculated from the arithmetic averaging between the nearest forward

and backward two mesh nodes located on the same grid line passing through the

cell face midpoint:

fF =
1

2
(ffront node + fback node) (3.28)

Regarding figure (3.1), the flow properties at the four cell faces are written down

as:

fi+ 1
2
,j =

1

2
(fi+1,j + fi,j) fi− 1

2
,j =

1

2
(fi,j + fi−1,j)

fi,j+ 1
2

=
1

2
(fi,j+1 + fi,j) fi,j− 1

2
=

1

2
(fi,j + fi,j−1) (3.29)

Equations (3.27) and (3.28) are identical only for first order spatial accurate

schemes. But, the left and right hand sides of the cell face have different defi-

nition for higher order solutions as shown later.

On the other hand, the jump in the value of (f), across the cell interface, from

the left to the right sides, will be notated as:

[[f ]] =
(
fR − fL

)
(3.30)
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In equation (3.26), ([[E]]A) represents the summation of the wave speeds in ξ-

direction, corresponding to the (ns + 1) eigenvalues in ξ-direction, whose value

equal to (U), where each of ([[E]]B) and ([[E]]C) corresponds to the two last eigen-

values (U + c |∇ξ|) and (U − c |∇ξ|) respectively, where (c) is the speed of sound,

i.e. c =
√
γP/ρ. The three vectors are expressed as follows:

[[E]]A =
|∇ξ|F
JF

∣∣∣Û ′∣∣∣

(

[[ρ]]− [[P ]]

ĉ 2

)


1

û

v̂

Ĥt − ĉ 2/ (γ̂mix − 1)

Ŷm

+ ρ̂


0

[[u]] + [[U ′]] ξ′xF

[[v]] + [[U ′]] ξ′yF

Θξ

[[Ym]]





[[E]]B,C =
|∇ξ|F
JF

∣∣∣(Û ′ ± ĉ
)∣∣∣ ( 1

ĉ 2

)
([[P ]]± ρ̂ ĉ [[U ′]])


1

û± ĉ ξ′xF

v̂ ± ĉ ξ′yF

Ĥt ± Û ′ ĉ
Ŷm

 (3.31)

where:

Û ′ = 1

|∇ξ|F

(
ξxF û+ ξyF v̂

)
(3.32)

[[U ′]] = U ′R − U ′L (3.33)

U ′R =
UR

|∇ξ|F
U ′L =

UL

|∇ξ|F
(3.34)

ξ′xF =
ξxF

|∇ξ|F
ξ′yF

=
ξyF

|∇ξ|F
(3.35)

Also, (Θξ) is the expression for:

Θξ = û [[u]] + v̂ [[v]]− Û ′ [[U ′]]−
ns∑

m=1

[[Ym]] ψ̂m (3.36)

In equations (3.31) and (3.36), the Roe-averaged flow variables (ρ̂, û, v̂, Ĥt, Ŷm,

ψ̂m, γ̂mix, ĉ) are written as:

ρ̂ =
√
ρL ρR û =

〈
u
√
ρ
〉〈√

ρ
〉 v̂ =

〈
v
√
ρ
〉〈√

ρ
〉 Ĥt =

〈
Ht
√
ρ
〉〈√

ρ
〉 Ŷm =

〈
Ym

√
ρ
〉〈√

ρ
〉
(3.37)

ψ̂m =
T̂Rm

γmix − 1

Tref

V 2
ref

+
q̂2

2
− êm (3.38)

γ̂mix = 1 +
R̂mix

c∗v
(3.39)
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ĉ 2 = (γ̂mix − 1)

[
Ĥt −

q̂2

2
+

ns∑
m=1

Ŷmêm + c∗vT̂
Tref

V 2
ref

]
(3.40)

where:

T̂ =

〈
T
√
ρ
〉〈√

ρ
〉 êm =

〈
em

√
ρ
〉〈√

ρ
〉 R̂mix =

〈
Rmix

√
ρ
〉〈√

ρ
〉 (3.41)

q̂ =
√
û2 + v̂2 (3.42)

c∗v =
ns∑

m=1

Ŷmc
∗
vm

c∗vm
=

1

[[T ]]

TR∫
TL

cvm
dT (3.43)

It should be reminded that all utilized variables are dimensionless and time-

averaged as mentioned in chapter 2, but there are still dimensional variables such

as the specific heat coefficients, heat of formation and gas constant. So, as seen in

equations (3.38) and (3.40). So, some extra terms of reference variables are added

to achieve non-dimensionalization for all terms of the model equations.

Likewise, it be concluded that the expression of the summation of the wave speeds

in η-direction represented in three terms. The first is ([[F ]]A), which corresponds

to the eigenvalue (V) in η-direction which is repeated for (ns+1) times. And other

two are ([[F ]]B , [[F ]]C), corresponding to the remaining eigenvalues (V+c |∇η|) and

(V − c |∇η|) respectively:

[[F ]]A =
|∇η|F
JF

∣∣∣V̂ ′∣∣∣

(

[[ρ]]− [[P ]]

ĉ 2

)


1

û

v̂

Ĥt − ĉ 2/ (γ̂mix − 1)

Ŷm

+ ρ̂


0

[[u]] + [[V ′]] η′xF

[[v]] + [[V ′]] η′yF

Θη

[[Ym]]





[[F ]]B,C =
|∇η|F
JF

∣∣∣(V̂ ′ ± ĉ
)∣∣∣ ( 1

ĉ 2

)
([[P ]]± ρ̂ ĉ [[V ′]])


1

û± ĉ η′xF

v̂ ± ĉ η′yF

Ĥt ± V̂ ′ ĉ
Ŷm

 (3.44)

where:

V̂ ′ = 1

|∇η|F

(
ηxF û+ ηyF v̂

)
(3.45)

[[V ′]] = V ′R − V ′L (3.46)

V ′R =
VR

|∇η|F
V ′L =

VL

|∇η|F
(3.47)

34



η′xF =
ηxF

|∇η|F
η′yF

=
ηyF

|∇η|F
(3.48)

Θη = û [[u]] + v̂ [[v]]− V̂ ′ [[V ′]]−
ns∑

m=1

[[Ym]] ψ̂m (3.49)

Second Order Upwind Schemes Using MUSCL Approach

Determination of the spatial accuracy of the flux-difference splitting scheme is

determined by the method of calculation of the right and left sides of the cell

interface in terms of the nearest mesh nodes surrounding the cell face midpoint.

The first order accuracy is achieved by zero order extrapolation from nearest node

in each side, to determine the right and left sides of the cell interface, it can be

described for the four cell faces shown in figure (3.1) for a general flow variable

(f) as:

fR
i+ 1

2
,j

= fi+1,j fL
i+ 1

2
,j

= fi,j fR
i− 1

2
,j

= fi,j fL
i− 1

2
,j

= fi−1,j

fR
i,j+ 1

2

= fi,j+1 fL
i,j+ 1

2

= fi,j fR
i,j− 1

2

= fi,j fL
i,j− 1

2

= fi,j−1

(3.50)

To attain the second order accuracy in space for the upwind scheme, the flow

properties of the left and right sides of the cell interface are calculated using linear

extrapolation for the primitive variables from the nearest two mesh nodes from

each side. This approach is also called MUSCL approach:

fR
i+ 1

2
,j

= fi+1,j − 1
2
(fi+2,j − fi+1,j) fL

i+ 1
2
,j

= fi,j + 1
2
(fi,j − fi−1,j)

fR
i− 1

2
,j

= fi,j − 1
2
(fi+1,j − fi,j) fL

i− 1
2
,j

= fi−1,j + 1
2
(fi−1,j − fi−2,j)

fR
i,j+ 1

2

= fi,j+1 − 1
2
(fi,j+2 − fi,j+1) fL

i,j+ 1
2

= fi,j + 1
2
(fi,j − fi,j−1)

fR
i,j− 1

2

= fi,j − 1
2
(fi+1,j − fi,j) fL

i,j− 1
2

= fi,j−1 + 1
2
(fi−1,j − fi−2,j)

(3.51)

Hirsch [32] points the attention that the used variables in extrapolation must not

be conservative, but they may be conservative, primitive or characteristic vari-

ables. Here the primitive variable extrapolation is applied to ensure the second

order spatial accuracy. While, the conservation of the solution is obtained in the

formulation of the fluxes used in the governing equations.

Some nonphysical numerical oscillations are formed around the flow discontinu-

ities, when using second order space accurate schemes, because of the third order

35



spatial derivatives found in the truncation error of second order accurate schemes.

To save the monotonicity of the numerical solution to match with the physical one

and to eliminate the nonphysical oscillations, Total Variation Diminishing (TVD)

conditions, discussed in details by Hirsch [32], must be satisfied. They are fulfilled

by using non-linear limiters restricting the amplitude of the gradients of the ad-

ditional terms in the truncation error of the utilized scheme.

There are two types of limiters: The flux limiter, and flow variable slope lim-

iter. We will concern in our study with the second one, which is considered simply

a function of the flow variable slope at the right or left side of the cell face. So we

must define first, the flow variable slope for the left and right sides of the faces of

the control volume in figure (3.1) as follows:

rR
i+ 1

2
,j

=
fi+1,j − fi,j

fi+2,j − fi+1,j

rL
i+ 1

2
,j

=
fi+1,j − fi,j

fi,j − fi−1,j

rR
i− 1

2
,j

=
fi,j − fi−1,j

fi+1,j − fi,j

rL
i− 1

2
,j

=
fi,j − fi−1,j

fi−1,j − fi−2,j

rR
i,j+ 1

2
=

fi,j+1 − fi,j

fi,j+2 − fi,j+1

rL
i,j+ 1

2
=
fi,j+1 − fi,j

fi,j − fi,j−1

rR
i,j− 1

2
=
fi,j − fi,j−1

fi,j+1 − fi,j

rL
i,j− 1

2
=

fi,j − fi,j−1

fi,j−1 − fi,j−2

(3.52)

Minmode limiter is the employed slope limiter. It is defined by a logical expression

in terms of the slope of the flow variable, i.e. ψ ≡ ψ(r), so it belongs to the

discontinuous slope limiters of flux limiters which are not expressed by a smooth

continuous function. The minmode limiter is written as:

ψ (r) = max [0,min (1, r)] (3.53)

Minmode is widely used to satisfy TVD conditions [32]. That may be refer to

its easy implementation, And it is also because other discontinuous slope limiters,

such as superbee limiter, dramatically affect the behavior of the solution conver-

gence, by raising the minimum value, attained by the solution residual (or error)

at convergence, in pseudo-time integration of steady state problems. Unfortu-

nately, minmode is known of its modest capability of resolving sharp discontinu-

ities, among other slope limiters. That may require to use bigger mesh size in

problems of steep discontinuities.
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Consequently, from equations (3.50)-(3.53), the general form of the primitive vari-

able calculation for either first order accurate upwind scheme and second order

upwind TVD scheme, is written as follows:

fR
i+ 1

2
,j

= fi+1,j −
ε

2
ψ(rR

i+ 1
2
,j
) [fi+2,j − fi+1,j] fL

i+ 1
2
,j

= fi,j +
ε

2
ψ(rL

i+ 1
2
,j
) [fi,j − fi−1,j]

fR
i− 1

2
,j

= fi,j −
ε

2
ψ(rR

i− 1
2
,j
) [fi+1,j − fi,j] fL

i− 1
2
,j

= fi−1,j +
ε

2
ψ(rL

i− 1
2
,j
) [fi−1,j − fi−2,j]

fR
i,j+ 1

2
= fi,j+1 −

ε

2
ψ(rR

i,j+ 1
2
) [fi,j+2 − fi,j+1] fL

i,j+ 1
2

= fi,j +
ε

2
ψ(rL

i,j+ 1
2
) [fi,j − fi,j−1]

fR
i,j− 1

2
= fi,j −

ε

2
ψ(rR

i,j− 1
2
) [fi+1,j − fi,j] fL

i,j− 1
2

= fi,j−1 +
ε

2
ψ(rL

i,j− 1
2
) [fi−1,j − fi−2,j]

(3.54)

where:

ε =

{
0, First order spatial accuracy.

1, Second order spatial accuracy.
(3.55)

3.3.3 Diffusive Fluxes Discretization

Second Order Central Discretization

Starting from equation (3.2), The cell faces diffusive fluxes (Evi± 1
2
,j, Fvi,j± 1

2
) in

equation (3.18) can be written down as follows:

Evi± 1
2
,j =

1

Ji± 1
2
,j

(
ξxi± 1

2
,jEvi± 1

2
,j + ξyi± 1

2
,jFvi± 1

2
,j

)

Fvi,j± 1
2

=
1

Ji,j± 1
2

(
ηxi,j± 1

2
Evi,j± 1

2
+ ηyi,j± 1

2
Fvi,j± 1

2

) (3.56)

where the transformation derivatives at the faces (Ji± 1
2
,j, Ji,j± 1

2
, ξxi± 1

2
,j, ξyi± 1

2
,j,

ηxi,j± 1
2
, ηyi,j± 1

2
) are calculated according to equation (3.29).

As the viscous fluxes at the cell face are composed of first order derivatives of

different flow variables as discussed in chapter 2, so the spatial derivative of the

diffusive fluxes themselves as in equation (3.21) is equivalent to second order spa-

tial derivatives of flow variables. So the central discretization of the cell face

viscous fluxes, implies central modeling of second order discretization, which are

second order accurate in space.
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Derivatives of Flow Variables at the Cell Faces

The diffusive fluxes are composed from spatial derivatives of velocities (u, v),

temperature (T ), enthalpy (h), and mass fraction (Ym). For a general flow variable

(f) representing anyone of these variables, its spatial derivatives in the physical

domain can be expressed in terms of its derivatives in computational domain as

follows:

∂f

∂x
= ξx

∂f

∂ξ
+ ηx

∂f

∂η

∂f

∂y
= ξy

∂f

∂ξ
+ ηy

∂f

∂η
(3.57)

Thus, the discretized form of the spatial derivatives can be written for the cell

faces (i± 1
2
, j) shown in figure (3.1) as follows:(

∂f

∂x

)
i+ 1

2
,j

=
fi+1,j − fi,j

∆ξ
(ξx)i+ 1

2
,j +

1

2

[
fi+1,j+1 − fi+1,j−1

2∆η
+
fi,j+1 − fi,j−1

2∆η

]
(ηx)i+ 1

2
,j(

∂f

∂y

)
i+ 1

2
,j

=
fi+1,j − fi,j

∆ξ
(ξy)i+ 1

2
,j +

1

2

[
fi+1,j+1 − fi+1,j−1

2∆η
+
fi,j+1 − fi,j−1

2∆η

]
(ηy)i+ 1

2
,j(

∂f

∂x

)
i− 1

2
,j

=
fi,j − fi−1,j

∆ξ
(ξx)i− 1

2
,j +

1

2

[
fi,j+1 − fi,j−1

2∆η
+
fi−1,j+1 − fi−1,j−1

2∆η

]
(ηx)i− 1

2
,j(

∂f

∂y

)
i− 1

2
,j

=
fi,j − fi−1,j

∆ξ
(ξy)i− 1

2
,j +

1

2

[
fi,j+1 − fi,j−1

2∆η
+
fi−1,j+1 − fi−1,j−1

2∆η

]
(ηy)i− 1

2
,j

(3.58)

And the spatial derivatives of the faces (i, j ± 1
2
) are written as:(

∂f

∂x

)
i,j+ 1

2

=
1

2

[
fi+1,j+1 − fi−1,j+1

2∆ξ
+
fi+1,j − fi−1,j

2∆ξ

]
(ξx)i,j+ 1

2
+
fi,j+1 − fi,j

∆η
(ηx)i,j+ 1

2(
∂f

∂y

)
i,j+ 1

2

=
1

2

[
fi+1,j+1 − fi−1,j+1

2∆ξ
+
fi+1,j − fi−1,j

2∆ξ

]
(ξy)i,j+ 1

2
+
fi,j+1 − fi,j

∆η
(ηy)i,j+ 1

2(
∂f

∂x

)
i,j− 1

2

=
1

2

[
fi+1,j − fi−1,j

2∆ξ
+
fi+1,j−1 − fi−1,j−1

2∆ξ

]
(ξx)i,j− 1

2
+
fi,j − fi,j−1

∆η
(ηx)i,j− 1

2(
∂f

∂y

)
i− 1

2
,j

=
1

2

[
fi+1,j − fi−1,j

2∆ξ
+
fi+1,j−1 − fi−1,j−1

2∆ξ

]
(ξy)i,j− 1

2
+
fi,j − fi,j−1

∆η
(ηy)i,j− 1

2

(3.59)

Flow Properties and Transport Coefficient Averaging at Cell Faces

In the formulation of each cell face diffusive flux, the flow properties at the cell

face such as the laminar transport coefficients (i.e. µLF, kLF, and DLF), and

the turbulent eddy viscosity coefficient (µT F), which can be estimated using the

properties averaging between the front and back nodes to each the control volume’s

interface as shown in equations (3.28) and (3.29). This method of averaging is also

implemented to determine the other cell face’s density and individual species heats

of formation (i.e. ρF, and hmF), which are written in equations (2.36) and (2.34).
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3.4 Pseudo Time Integration

3.4.1 Chemistry-Implicit Flow-Explicit Time Integration

As mentioned before, the source of stiffness result from the chemical characteristic

time is eliminated. And, the computational effort avoided using fully implicit

scheme which require inversion of huge matrices, by using point-implicit scheme,

which is first suggested by Curtiss et al. [18], to treat the chemical source term

implicitly and flow fluxes explicitly. The discretized governing equation can be

written as follows:

1

∆t

(
Qi,j

n+1 −Qi,j

n
)

+

1

∆ξ

(
Ei+ 1

2
,j

n − Ei− 1
2
,j

n
)

+
1

∆η

(
F i,j+ 1

2

n − F i,j− 1
2

n
)

+ αH i,j
n

+

− 1

∆ξ

(
Evi+ 1

2
,j

n − Evi− 1
2
,j

n
)
− 1

∆η

(
Fvi,j+ 1

2

n − Fvi,j− 1
2

n
)
− αHvi,j

n
= Si,j

n+1
(3.60)

Time linearization of second temporal accuracy is implemented to the chemical

source term at the time level (n+ 1) to be expressed in terms of the source term

and the conservative variables vector at the time level (n):

Si,j
n+1

= Si,j
n

+

(
∂S

∂Q

)
i,j

(
∂Q

∂t

)
i,j

∆t+O∆t2

= Si,j
n

+

(
∂S

∂Q

)
i,j

(
∆Qi,j

∆t

)
∆t+O∆t2

= Si,j
n

+ Hi,j

(
Qi,j

n+1 −Qi,j

n+1
)

+O∆t2 (3.61)

where (Hi,j) is the chemical source Jacobian in the computational domain. So,

by treating the source term implicitly, the time step taken in integration is no

longer restricted by the chemical characteristic time anymore. Also, applying

point-implicit scheme leads to solve mono-block diagonal matrix for a system of

equations.

3.4.2 Chemical Source Jacobian Formulation

According to equation (3.2), the chemical Jacobians in both the physical and

computational domains (H, H) are equal according to:

Hi,j =

(
∂S

∂Q

)
i,j

=

(
∂(S/J)

∂(Q/J)

)
i,j

=

(
∂S

∂Q

)
i,j

= Hi,j (3.62)
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And from equation (2.45), it is noticeable that the chemical source term is not

an explicit function in the conservative variables except the individual species

densities (ρYm), so the chemical Jacobian is written as:

Hi,j = Hi,j =


[0]4×4 [0]4×(ns−1)

[0](ns−1)×4

[
∂ω̇m

∂ (ρYp)

]
(ns−1)×(ns−1)


i,j

(3.63)

(∂ω̇m/∂ (ρYp)) is (ns − 1) × (ns − 1) matrix, and represents the degree of depen-

dence of species formation rates to the species densities in the mixture. And, the

formulation for a general chemical mechanism can be concluded as:

∂ω̇m

∂ (ρYp)
=

=
Lref

Vref

Mm

nr∑
r=1

(ν ′′m,r − ν ′m,r)

kfrν
′
p,r

(ρrefρYp)
ν′p,r−1

(Mp)
ν′p,r

ns∏
q=1
q 6=p

(
ρrefρYq

Mq

)ν′q,r

+

−kbrν
′′
p,r

(ρrefρYp)
ν′′p,r−1

(Mp)
ν′′p,r

ns∏
q=1
q 6=p

(
ρrefρYq

Mq

)ν′′q,r



(3.64)

where (m, p, q) are indices for the chemical species and ranging within (1, 2, .., ns),

and (r) is the index for chemical reaction as (r = 1, 2, .., nr), and species density

(ρYp)is multiplied by the reference density, because the former is dimensionless

as mentioned in section 3.1. Equation (3.64) show greet efficiency when using

the numerical solver for a general chemical mechanism, it can be more simplified

to a shorter expression in order to derive the chemical Jacobian analytically, the

simplified form is expressed as:

∂ω̇m

∂ (ρYp)
=

=

(
Lref

Vref

)
Mm

ρrefρYp

nr∑
r=1

{
(ν ′′m,r − ν ′m,r)

[
kfrν

′
p,r

ns∏
q=1

(
ρrefρYq

Mq

)ν′q,r

+

−kbrν
′′
p,r

ns∏
q=1

(
ρrefρYq

Mq

)ν′′q,r

]}
(3.65)
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3.4.3 Separate Time-Space Discretizations of Second Or-

der Temporal & Spatial Accuracy

Unlike the combined space-time discretization like Lax-Wendroff and MacCormak

schemes, separate time and space discretizations are utilized in this study. Apply-

ing Euler first order accurate time integration to our numerical scheme of second

order spatial accurate is unconditionally unstable, although the instability may be

considered weak as mentioned by Hirsch [32]. So, starting from equation (3.60),

which can be rewritten in the following form:

[
I−∆t Hi,j

n] (Qi,j
n+1 −Qi,j

n
)

Ji,j∆t
=

=
−
(
Ei+ 1

2
,j

n − Ei− 1
2
,j

n
)

∆ξ
+
−
(
F i,j+ 1

2

n − F i,j− 1
2

n
)

∆η
+ αH i,j

n

+

(
Evi+ 1

2
,j

n − Evi− 1
2
,j

n
)

∆ξ
+

(
Fvi,j+ 1

2

n − Fvi,j− 1
2

n
)

∆η
+ αHvi,j

n

+Si,j
n

= RI
n + RV

n + RC
n (3.66)

where (I) is the identity matrix, which can be expressed in index notation in terms

of Kronecker’s delta function as (I ≡ δij). And, (RI
n, RV

n, RC
n) are the right hand

side terms of the invscid fluxes, viscous fluxes and chemical source respectively at

the time level (n).

Two-step Runge-Kutta method of second temporal accurate splits equation (3.66)

into two intermediate time integration steps instead of applying one direct step,

where the conservative variables at an intermediate time level (n + 1
2
) is deter-

mined first given the flow variables at the time level (n), followed by calculating

the conservative variables at the time level (n+1). Second order spatial and tem-

poral accurate for this kind of independent time-space discretizations for turbulent

non-reacting flows are discussed by Hirsch [32]. Besides, there are some develop-

ments achieved by Bussing and Murman [8] and others concerning with turbulent

chemically reacting flows. Consequently, the two step Runge-Kutta scheme for
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our model can formulated as follows:

First Step

Qi,j
n+ 1

2 = Qi,j
n +

[
I− ∆t

2
Hi,j

n
]−1

Ji,j
∆t

2
(RI

n + RV
n + RC

n)

Second Step

Qi,j
n+1 = Qi,j

n +
[
I−∆t Hi,j

n+ 1
2

]−1

Ji,j∆t
(
RI

n+ 1
2 + RV

n+ 1
2 + RC

n+ 1
2

)
(3.67)

In equation 3.67, the right hand side of the convective (invscid) fluxes in the first

step is calculated in terms of the flow variables at the time level (n) by using first

order spatial accurate scheme, where the value of (ε) is set to be zero in equation

(3.54). On the other hand, It is determined in the second step by employing second

order spatial accurate scheme, where ε = 1 in (3.54). It can be written for both

steps as:

RI
n = −

−
(
Ei+ 1

2
,j

n − Ei− 1
2
,j

n
)ε=0

∆ξ
+
−
(
F i,j+ 1

2

n − F i,j− 1
2

n
)ε=0

∆η
− αH i,j

n

RI
n+ 1

2 =
−
(
Ei+ 1

2
,j

n+ 1
2 − Ei− 1

2
,j

n+ 1
2

)ε=1

∆ξ
+
−
(
F i,j+ 1

2

n+ 1
2 − F i,j− 1

2

n+ 1
2

)ε=1

∆η
− αH i,j

n+ 1
2

(3.68)

The viscous fluxes right hand side for both integration steps are second spatial

accurate due to central discretization, and are expressed as follows:

RV
n =

(
Evi+ 1

2
,j

n − Evi− 1
2
,j

n
)

∆ξ
+

(
Fvi,j+ 1

2

n − Fvi,j− 1
2

n
)

∆η
+ αHvi,j

n

RV
n+ 1

2 =

(
Evi+ 1

2
,j

n+ 1
2 − Evi− 1

2
,j

n+ 1
2

)
∆ξ

+

(
Fvi,j+ 1

2

n+ 1
2 − Fvi,j− 1

2

n+ 1
2

)
∆η

+ αHvi,j
n+ 1

2

(3.69)

Given that time-linearization of the source term (Si,j
n+1

) is of second order accu-

rate in time, so considering it in the final time step only still preserves the second

order temporal accuracy. So, in order to reduce the computational effort of inver-

sion the chemical Jacobian matrix, the two-step time integration can be written
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as follows:

First Step

Qi,j
n+ 1

2 = Qi,j
n + Ji,j

∆t

2
(RI

n + RV
n)

Second Step

Qi,j
n+1 = Qi,j

n +
[
I−∆t Hi,j

n]−1
Ji,j∆t

(
RI

n+ 1
2 + RV

n+ 1
2 + RC

n
)

(3.70)

where:

RC
n+ 1

2 = Si,j
n+ 1

2

RC
n = Si,j

n
(3.71)

3.4.4 Time Marching Step Determination

Although the chemical source term is solved implicitly, the value of the CFL

number (σ) have to not exceed unity, due to the explicit treatment of the other

flow terms:

σ ≤ 1 (3.72)

As mentioned by previous researchers dealing with turbulent reacting flows, as

Drummond et al. [21] and Chitsomboon et al. [13], CFL (Courant-Friedrichs-

Lewy) condition relates the integration time step at a given point, to the maximum

eigenvalues of the convective flow Jacobian, this relation can be written in the

computational domain as:

∆t = σ

{(
|U|+ c |∇ξ|

∆ξ

)
+

(
|V|+ c |∇η|

∆η

)}−1

= ∆t
local

(3.73)

As shown equation (3.73), the governing equations can be integrated using local

time stepping, where the time step in each point is calculated given its flows prop-

erties. This technique is used to accelerate the iterative computations to the final

solution, and it is acceptable for this model which is concerned with steady state

flows.

But, when solution stability is greatly concerned, especially at the first iterations

and when the solution is approaching to the steady state, the whole domain is dis-

cretized in time using the minimum value of the calculated time step in equation
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(3.73) for the whole domain as in the following equation:

∆t = σ

{
max

(
|U|+ c |∇ξ|

∆ξ

)
+ max

(
|V|+ c |∇η|

∆η

)}−1

= ∆t
min

(3.74)

3.5 Boundary Condition Treatment

Beside calculating the flow variables at the inside mesh nodes by time-integrating

the governing equations, extra set of computations have to be carried out to de-

termine their values at the boundary nodes, which obey to two kind of boundary

conditions, represented in physical and numerical conditions.

The classification of the boundary conditions is dependent on the signs of the

flow eigenvalues at boundaries. The physical boundary conditions, which corre-

sponds to the positive eigenvalues, are represented in the imposed values for the

flow variables. On the other hand, numerical boundary conditions are represented

in the effect of the inner domain on the flow variables at boundary nodes, due to

the negative flow eigenvalues.

The number of eigenvalues of the convective flux Jacobian in our model equals

(ns + 3). And by referring to sub-section 3.2.3 it be concluded that, in the

boundary mesh lines of fixed (ξ) value, there are (ns + 1) repeated eigenvalue

equal to (U), and the remaining two eigenvalues are (U ± c |∇ξ|). Similarly, in the

boundary lines of constant value of (η), there are (ns +1) eigenvalues of value (V)

and last ones are (V ± c |∇η|).

For the first type of the boundary conditions, It is found that the number of

the physical imposed boundary conditions is higher in case of viscous flows than

in invscid flows. That referred to the fact that the momentum and energy equa-

tions becomes second order partial differential equations for viscous flows, and

become elliptic in space and parabolic in time, where the continuity equations are

still parabolic in space and hyperbolic in time. As a result, our hybrid system of

the governing equations requires more boundary conditions when the velocity and

energy diffusivity are considered.

On the other side, the numerical boundary condition can be estimated by em-

ploying first order extrapolation of flow variables. And, as mentioned by Hirsch

[32], the overall spatial accuracy of the numerical solver is maintained, even though

the variable extrapolation used to calculate the numerical boundary conditions,

is lower with one order of spatial accuracy, than the utilized interior spatial dis-
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cretization. Moreover, The numerical boundary conditions are treated explicitly,

where the numerical boundary conditions are calculated using the interior flow

variables extrapolation at the previous time level. The explicit treatment of the

numerical boundary condition is unconditionally stable.

Two sets of calculations using primitive and conservative variables will be pre-

sented. The both set of computations are not equivalent. However, in both cases

the properties conservation is preserved as the applied governing equations are

written in the conservative form.

3.5.1 Inlet And Exit Boundary Condition

According to equations (3.7) and (3.8), we can realize the flow is either incoming

or outgoing the domain, depending on the sign of the velocity component normal

to the boundary line directed towards the domain.

The positive values of (U ′, U) at the boundary line of constant value of ξ, declares

that flow is coming through this boundary line into the domain. In contrast, their

negative values show that the boundary line is a flow exit. In the same manner,

the positive and negative values of (V ′, V) at the boundary line of fixed η value,

corresponds to inlet and exit boundary conditions respectively.

Subsonic Inlet Flow

Here we present the subsonic inlet boundary conditions calculations for the vertical

boundary line where ξ equals to zero, i.e. (ξ = 0, i = 1). , and it is easy to derive

them at any another boundary line. In our case, the incoming flow is subsonic,

when the velocity component normal to the boundary is less than the sonic speed,

i.e. (U ′ < c), and so the signs of convective eigenvalues in ξ-direction will be

declared as follows:
λξ1 , λξ2 , ..., λξns , λξns+1 = U > 0

λξns+2 = U + c |∇ξ| > 0

λξns+3 = U − c |∇ξ| < 0

(3.75)

So, for invscid flows, we have (ns+ 2) imposed physical boundary conditions and

one numerical condition. But, in case of viscous flows all the subsonic inlet condi-

tions must be given. The set of calculation to determine the boundary condition
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using primitive variables are written as follows:

P
1,j

n+1 = Pin

ρ
1,j

n+1 = ρin

u
1,j

n+1 = uin

v
1,j

n+1 =

{
vin , Viscous flows

2v
2,j

n − v
3,j

n , Invscid flows

Ym1,j

n+1 = Ymin

(3.76)

Also, the boundary conditions computations can be rewritten in terms of the

conservative variables as follows:

(ρ)n+1

1,j
= ρin

(ρu)n+1

1,j
= ρinuin

(ρv)n+1

1,j
=

{
ρinvin , Viscous flows

2(ρv)
2,j

n − (ρv)
3,j

n , Invscid flows

(ρYm)n+1

1,j
= ρinYmin

, m = 1, 2, ..., ns − 1

(ρEt)
n+1

1,j
= ρin

(
ho

fmix

)n+1

1,j
+
Pin − ρin (Rmix)

n+1

1,j
To

(γmix)
n+1

1,j
− 1

(3.77)

It is worthy to point the attention that terms used in calculating (ρEt)
n+1

1,j
, such

as the mixture thermal properties, e.g. (Rmix)
n+1

1,j
and

(
ho

fmix

)n+1

1,j
, are calculated

given the species mass fractions (Ym), which is, in turn, determined from the

species densities and total mixture density. Additionally, the boundary specific

heat ratio (γmix)
n+1

1,j
is evaluated from the mixture temperature, which is computed

given the inlet density and pressure. This procedure will be also carried out in the

similar cases for the other boundary conditions.

Supersonic Inlet Flow

Now, if we consider the inlet velocity component normal to the boundary line of

(ξ = 0), is greater than the sonic speed, i.e. (U ′ > c). So, all the convective flux

Jacobian eigenvalues in ξ-direction are positive:

λξ1 , λξ2 , ..., λξns , λξns+1 = U > 0

λξns+2 = U + c |∇ξ| > 0

λξns+3 = U − c |∇ξ| > 0

(3.78)
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So, for invscid and viscous flows, the whole flow properties at the supersonic inlet

must be imposed. The boundary condition for supersonic inlet is written in terms

of the primitive form as:

P
1,j

n+1 = Pin

ρ
1,j

n+1 = ρin

u
1,j

n+1 = uin

v
1,j

n+1 = vin

Ym1,j

n+1 = Ymin

(3.79)

or they can be calculated in terms of the conservative variables as:

(ρ)n+1

1,j
= ρin

(ρu)n+1

1,j
= ρinuin

(ρv)n+1

1,j
= ρinvin

(ρYm)n+1

1,j
= ρinYmin

, m = 1, 2, ..., ns − 1

(ρEt)
n+1

1,j
= ρin

(
ho

fmix

)n+1

1,j
+
Pin − ρin (Rmix)

n+1

1,j
To

(γmix)
n+1

1,j
− 1

(3.80)

Subsonic Exit Flow

Here, it is more convenient to take the boundary line of i = imax as an example for

flow exit, where the exit velocity component normal to the boundary and directed

towards the domain, negative. If we assume magnitude of the velocity component

is less than the sonic speed, we will have only one positive eigenvalue.

λξ1 , λξ2 , ..., λξns , λξns+1 = U < 0

λξns+2 = U + c |∇ξ| > 0

λξns+3 = U − c |∇ξ| < 0

(3.81)

It is recommended in most cases to impose the value of the exit pressure at subsonic

exits. The boundary properties calculation set written in terms of the primitive

variables is described as:

P
imax,j

n+1 = Pout

T
imax,j

n+1 = 2T
imax−1,j

n − T
imax−2,j

n

u
imax,j

n+1 = 2u
imax−1,j

n − u
imax−2,j

n

v
imax,j

n+1 = 2v
imax−1,j

n − v
imax−2,j

n

Ymimax,j
n+1 = 2Ymimax−1,j

n − Ymimax−2,j

n

(3.82)
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or by using the conservative variables, the boundary properties calculations will

be:

(ρ)n+1

imax,j
= 2 (ρ)n

imax−1,j
− (ρ)n

imax−2,j

(ρu)n+1

imax,j
= 2 (ρu)n

imax−1,j
− (ρu)n

imax−2,j

(ρv)n+1

imax,j
= 2 (ρv)n

imax−1,j
− (ρv)n

imax−2,j

(ρYm)n+1

imax,j
= 2 (ρYm)n

imax−1,j
− (ρYm)n

imax−2,j
, m = 1, 2, ..., ns − 1

(ρEt)
n+1

imax,j
= (ρ)n+1

imax,j

(
ho

fmix

)n+1

imax,j
+
Pout − (ρ)n+1

imax,j
(Rmix)

n+1

imax,j
To

(γmix)
n+1

imax,j
− 1

(3.83)

Supersonic Exit Flow

For the previously mentioned example, if the magnitude of exit velocity component

normal to boundary is greater than the sonic speed, all the eigenvalues in ξ-

direction become negative:

λξ1 , λξ2 , ..., λξns , λξns+1 = U < 0

λξns+2 = U + c |∇ξ| < 0

λξns+3 = U − c |∇ξ| < 0

(3.84)

And, all the exit boundary conditions is determined from variable extrapolation

from the interior domain, is expressed in terms of the primitive variables as:

P
imax,j

n+1 = 2P
imax−1,j

n − P
imax−2,j

n

ρ
imax,j

n+1 = 2ρ
imax−1,j

n − ρ
imax−2,j

n

u
imax,j

n+1 = 2u
imax−1,j

n − u
imax−2,j

n

v
imax,j

n+1 = 2v
imax−1,j

n − v
imax−2,j

n

Ymimax,j

n+1 = 2Ymimax−1,j

n − Ymimax−2,j

n

(3.85)
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or in terms of the conservative flow variables as:

(ρ)n+1

imax,j
= 2 (ρ)n

imax−1,j
− (ρ)n

imax−2,j

(ρu)n+1

imax,j
= 2 (ρu)n

imax−1,j
− (ρu)n

imax−2,j

(ρv)n+1

imax,j
= 2 (ρv)n

imax−1,j
− (ρv)n

imax−2,j

(ρYm)n+1

imax,j
= 2 (ρYm)n

imax−1,j
− (ρYm)n

imax−2,j
, m = 1, 2, ..., ns − 1

(ρEt)
n+1

imax,j
= 2 (ρEt)

n

imax−1,j
− (ρEt)

n

imax−2,j

(3.86)

3.5.2 Wall Boundary Condition

The wall boundary is characterized by the zero value of the velocity component

normal to the boundary, for both cases of invscid and viscous flows:

−→
V · n̂ = 0 (3.87)

That is because the slip condition at the wall surface is assumed for invscid flows,

such that that the velocity vector is tangent to the wall. On the other sides, in

viscous flows, the no-slip condition states that the velocity magnitude vanishes at

the wall surface.

So, if take the boundary line of (η = 0, j = 1) as an example of wall bound-

ary, the velocity component normal to the wall (V ′) is equal to zero, and we will

have (ns + 1) zero eigenvalues, and last two will be positive and negative:

λη1 , λη2 , ..., ληns , ληns+1 = V = 0

ληns+2 = V + c |∇η| > 0

ληns+3 = V − c |∇η| < 0

(3.88)

The first physical imposed boundary conditions is represented in the vanishing

of the velocity component normal to the wall. Also, the wall temperature status

(either for adiabatic or constant temperature cases), and the gradients of species

concentrations must be specified. In addition, in case of viscous flows only, the

no-slip condition sets the velocity magnitude to zero. On the other side, the main

property which is mainly affected by the interior domain is the pressure at the

wall surface, beside the velocity magnitude at wall in case of invscid flows only.

The wall conditions calculations can be written in terms of the primitive variables
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as follows:

P
i,1

n+1 = 2P
i,1

n − P
i,1

n

For invscid flows :

V
i,1

n+1 = 2V
i,2

n − V
i,3

n ⇒ u
i,1

n+1 =
ηy

i,1

|∇η|
i,1

V
i,1

n+1, v
i,1

n+1 =
−ηxi,1

|∇η|
i,1

V
i,1

n+1

For viscous flows :

V
i,1

n+1 = 0 ⇒ u
i,1

n+1 = 0, v
i,1

n+1 = 0

T
i,1

n+1 =

{
T

i,2

n , Adiabatic Wall

Tw , Constant Temperature Wall

Ymi,1

n+1 = Ymi,2

n

(3.89)

From the equations above, the pressure at the wall surface is determined by simple

linear extrapolation, instead of using the momentum equation, in order to reduce

the computational effort. Also, we find that the slope of the species concentration

variation is set to zero at the wall, because we are concerned only with non-reacting

wall surfaces. Besides, we also note that for invscid flows we extrapolate only the

velocity magnitude (V
i,1

n+1), and decompose it into two components given that

the velocity vector is tangent to surface. But, in case of viscous flows, we equate

both velocity components to zero due to the no-slip condition.

3.5.3 Far-field Boundary Condition

In solving external flows with computational aerodynamics techniques, the far-field

boundary treatment becomes more essential when the size of the computational

domain is more limited. In cases of study, we consider that the far-field conditions

is totally affected by the interior domain. However, the kind of this boundary

treatment is highly dependent on the aerodynamic problem and the range of the

domain of study.

If take the far-field boundary at the line of (j = jmax), the flow variables at
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far-field boundary is calculated in terms of the primitive variables as:

P
i,jmax

n+1 = 2P
i,jmax−1

n − P
i,jmax−2

n

ρ
i,jmax

n+1 = 2ρ
i,jmax−1

n − ρ
i,jmax−2

n

u
i,jmax

n+1 = 2u
i,jmax−1

n − u
i,jmax−2

n

v
i,jmax

n+1 = 2v
i,jmax−1

n − v
i,jmax−2

n

Ymi,jmax

n+1 = 2Ymi,jmax−1

n − Ymi,jmax−2

n

(3.90)

On the other side, the calculations can employ the conservative variables as follows:

(ρ)n+1

i,jmax
= 2 (ρ)n

i,jmax−1
− (ρ)n

i,jmax−2

(ρu)n+1

i,jmax
= 2 (ρu)n

i,jmax−1
− (ρu)n

i,jmax−2

(ρv)n+1

i,jmax
= 2 (ρv)n

i,jmax−1
− (ρv)n

i,jmax−2

(ρYm)n+1

i,jmax
= 2 (ρYm)n

i,jmax−1
− (ρYm)n

i,jmax−2
, m = 1, 2, ..., ns − 1

(ρEt)
n+1

i,jmax
= 2 (ρEt)

n

i,jmax−1
− (ρEt)

n

i,jmax−2

(3.91)

3.5.4 Symmetry Boundary Condition

In case the flow properties are mirrored across a given line, we split our domain

into the two identical parts and solve one of them, in order to reduce the com-

putational cost beside increasing the solving resolution. The symmetry line is

characterized by two properties: the first is represented in the zero gradients of

all the flow variables across it, and the other is velocity vector tangency to the

symmetry line. So the velocity component normal to the symmetry line is zero.

For instance, if we take the horizontal boundary line which is parallel to x-axis,

and has a constant value of ξ, e.g. (ξ = 0, i = 1) is considered as a symmetry

boundary. The boundary flow variables are calculated in terms of the primitive

variables as:
P

i,jmax

n+1 = P
i,jmax−1

n

ρ
i,jmax

n+1 = ρ
i,jmax−1

n

u
i,jmax

n+1 = u
i,jmax−1

n

v
i,jmax

n+1 = 0

Ymi,jmax

n+1 = Ymi,jmax−1

n

(3.92)

51



or in terms of the conservative variables as:

(ρ)n+1

i,1
= (ρ)n

i,2

(ρu)n+1

i,1
= (ρu)n

i,2

(ρv)n+1

i,1
= 0

(ρYm)n+1

i,1
= (ρYm)n

i,2
, m = 1, 2, ..., ns − 1

(ρEt)
n+1

i,1
= (ρEt)i,2

(3.93)

3.6 Grid Generation & Clustering Techniques

Algebraic grid generator is utilized in our model, due to its simple implementation

and because its clustering techniques are easily controlled and modified. A de-

tailed explanation is presented for different clustering techniques, which intensify

the structured mesh lines within specified regions, where it is necessary that the

spatial resolution is high enough to simulate complicated flow features.

First, we must point that in the primary steps, the behavior of the boundary

grid lines is specified in order to cover the required domain of study, so the grid

lines of indices (1, j), (imax, j), (i, 1), and (i, jmax) are determined. Then, the

arithmetic progression technique generates, in an intermediate stage, a structured

mesh for the preliminary coordinate system (X, Y) in the physical domain, where

arithmetic progression is applied to create equally spaced grid line in each direc-

tion, such that:

Y
i,j

= Y
i,j−1

+
Y

i,jmax
−Y

i,1

jmax− 1
X

i,j
= X

i−1,j
+

X
imax,j

−X
1,i

imax− 1
(3.94)

In the transformation process from the intermediate coordinate system (X, Y)

to the final coordinate system (x, y) in the physical domain, the boundary lines

are identical, but the mesh nodes are stretched to obtain the required clustering,

using different transformation functions.

3.6.1 Clustering At the Wall-Bounded Regions

Here, we will introduce the employed transformation function to cluster the grid

lines near the walls in case of viscous flows, in order to resolve more accurately

complex flow phenomena such as boundary layer, flow separation, and the bound-
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ary layer-shock wave interactions.

Clustering Using Geometric Progression for One Wall-Sided Domain

In this clustering technique, no need to generate an intermediate coordinate system

(X, Y). Grid line stretching in certain direction is achieved by multiplying each

spatial interval with a certain factor to determine the successor interval in the

same direction. The multiplication factor is known as geometric progression rate

(r). If we are clustering the grid lines in y-direction starting from (j = 1) which

is the index of the wall boundary, the stretching function can be written as:

y
i,j

= y
i,j−1

+ δ1r
j−2 (3.95)

The summation of all intervals in y-direction will equal distance between the ex-

treme points, i.e (i, 1) and (i, jmax). So the total distance (Ly) is expressed as:

Ly = y
i,jmax

− y
i,1

= δ1 + δ1r + δ1r
2 + ....+ δ1r

jmax−3 + δ1r
jmax−2 (3.96)

where (δ1) is the first and smallest spatial interval next to the wall surface. It is

considered the base of the geometric series written in equation (3.96). Its value is

set to be of order of (10−4) for laminar flows, and of order (10−5) or even (10−6)

for turbulent flows. When equation (3.96) is written is the compact form as:

Ly = δ1

(
rjmax−1 − 1

r− 1

)
(3.97)

we can conclude the value of the progression rate (r), given the number of intervals

(jmax − 1), the first spatial step (δ1), and the total distance (Ly), by applying

this iterative procedure:

1. Assume value of the progression rate r.

2. According to equation (3.97), calculate the new value of the progression rate

as:

rnew =

{
1 + (r− 1)

Ly

δ1

} 1
jmax−1

(3.98)

3. Calculate the error between the old and new values of the progression rate:

error =
|rnew − r|

r
(3.99)

4. If the error exceeds the allowable error limit, repeat the calculation from (1)

again.
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For smooth stretching, the progression rate r is preferred to be limited such that

(r ≤ 1.3). That is can be achieved by selecting the suitable number of grid line

(jmax).

Clustering Using First Robert’s Transformation Function For One wall-

sided Domain

Roberts [46] suggested a transformation function from (X, Y) coordinate system

to the (x, y) axes, to cluster the grid line towards one side only as shown in figure

(3.2), The transformation technique is explained as:

Γ = 1−
Y

i,j
−Y

i,1

Y
i,jmax

−Y
i,1

y
i,j

= Y
i,1

+ (Y
i,jmax

−Y
i,1

)

1 + βy − (βy − 1)

{
βy + 1

βy − 1

}Γ

(
1 +

{
βy + 1

βy − 1

}Γ
) (3.100)

where (βy) is ranging from 1 to ∞, the clustering intensity increases as βy ap-

proaches to 1

Clustering Using Second Robert’s Transformation Function For Two

wall-sided Domain

For two wall-sides domains, such as ducts, the grid lines can be clustered towards

the two opposite sides, as illustrated in figure (3.3), by using another function from

the general stretching transformations proposed by Roberts, which is written in

details as follows:

Γ =

(
Y

i,j
−Y

i,1

Y
i,jmax

−Y
i,1

− αy

)
/ (1− αy)

y
i,j

= Y
i,1

+ (Y
i,jmax

−Y
i,1

)

2αy − βy + (βy + 2αy)

{
βy + 1

βy − 1

}Γ

(2αy + 1)

(
1 +

{
βy + 1

βy − 1

}Γ
) (3.101)

For this transformation if (αy = 0) the mesh will be refined only near the index

(i, jmax), but if (αy = 1
2
), the mesh will equally clustered towards the opposite

both wall boundaries of indices (i, 1) and (i, jmax).
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Figure 3.2: Clustering to the one wall-bounded side. (a) Intermediate

domain (X, Y). (b) Physical domain (x, y)

Figure 3.3: Clustering to the two wall-bounded sides. (a) Intermediate

domain (X, Y). (b) Physical domain (x, y)
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3.6.2 Clustering Around Jet Centerlines

As shown later in next chapters, it is necessary to refine the mesh line around

the axis of the transverse jet, as the interaction of high speed flows interrupt

by transverse sonic injection results a complex system of shocks and separation

vortices. When it is required to generate mesh near the vertical line (X = x = xo),

as shown in figure (3.4), the vertical lines clustering is carried out using a the

following transformation technique, which is based on Hyperbolic Sine function:

Ao =
1

2βx

ln

(
1 + (eβx − 1)(xo/Lx)

1 + (e−βx − 1)(xo/Lx)

)

x
i,j

= xo

[
1 +

sinh
{
βx

(
X

i,j
/Lx

)
− Ao

}
sinh {βxAo}

] (3.102)

where (Ao) is an intermediate function in the transformation process, and (βx)

is considered as clustering intensity constant, it is greater than 1, for acceptable

mesh refinement, it ranges between 2 to 15. We should note that we can combine

between two clustering transformation functions in different directions starting

from the arithmetic generated domain (X, Y) to the final form of the physical

domain coordinate system (x, y).

Figure 3.4: Clustering around an interior vertical line. (a) Intermediate

domain (X, Y). (b) Physical domain (x, y).
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Chapter 4

Results and Discussions

4.1 Introduction

The Hydrogen-Air mixing and combustion processes in scramjet engine includes

numerous complicated flow features (i.e. shock waves - boundary layer interactions

and shock induced chemical reactions,... etc.). The numerical code is developed

to solve combination of these complicated phenomena. The code is validated by

solving simpler test cases that are concerned with each specific flow feature. The

selected problems to validate the numerical solver of chemically reacting turbulent

flows, as follows:

• Laminar and turbulent air flows over a flat plate.

• Complete and over expansions of premixed hydrogen-air invscid chemically

reacting in axisymmetric nozzle.

• Premixed hydrogen-air turbulent chemically reacting two-dimensional flow

in ramped duct with different inlet temperatures.

• Sonic transverse Helium injection to supersonic two-dimensional air flow.

Then, the numerical code is applied to solve the problem of hydrogen sonic trans-

verse injection into supersonic air flow in a two-dimensional single strut scramjet

engine, for non-reacting and reacting test cases to study air-hydrogen mixing and

combustion in scramjet combustors.
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4.2 Laminar & Turbulent Flows Over Flat Plate

Evaluating the calculations dealing with viscous terms can be carried first by

solving the simple problem of viscous air flows over a flat plate with a zero angle

of attack. The plate’s length is taken to be unity, which is taken to be the reference

length (Lref = 1 [m]). The reference values of density, temperature, velocity, and

the laminar transport conditions are set to equal those of air at inlet, as follows:

ρref = ρin Tref = Tin Vref = Vin µref = µLin
kref = kLin

(4.1)

Two different values of reference Reynolds number are selected for laminar and

turbulent cases, as given in the following:

Reref =

{
4.3× 105, for laminar flow test case.

5.4× 106, for turbulent flow test case.
(4.2)

In addition, the value of inlet Mach number, is preferred to be high enough to

avoid using preconditioning matrix, which is required for viscous flows of very low

Mach number for both laminar and turbulent test cases. So, the assumed value

of inlet Mach number, which is considered also as the reference value of Mach

number, as follows:

Min = Mref = 0.4 (4.3)

In this problem, air is considered as a homogenous mixture all over the domain,

where the mass diffusive fluxes and chemical reactions are not considered. In other

words, it is considered to be single-species flows (i.e. ns = 1). Besides, the air

transport coefficients are assumed to be constants, as shown below:

µL = 15× 10−6 [N.sec/m2] kL = 20× 10−3 [W/m.K] (4.4)

4.2.1 Laminar Flow Test Case

For the case of laminar air flow over a flat plate, Reynolds number is taken less

than the transition limit, i.e. (Reref = 4.3×105 < 5×105). And, as the inlet Mach

number is assumed to be (0.4), the rest of the inlet flow variables are selected as

follows:

Pin = 4000 [Pa] ρin = 0.04 [kg/m3] uin = 150 [m/sec] vin = 0 [m/sec]

(4.5)

The numerical solution of Navier-Stocks equations is compared to the analytical

solution of Blasius laminar boundary-layer, which is written in terms of the non-
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dimensional normal distance from the wall (η) and its function f(η), which can

be expressed as:

η = y

√
U∞ ρ

2 µ x
u = U∞

∂f

∂η
= U∞ f ′ (4.6)

such that, the laminar velocity profile is obtain in solving third order ordinary

non-linear partial differential equation as following:

f ′′′ + f f ′′ = 0 (4.7)

given these boundary condition:

η = 0 ⇒ f = 0, f ′ = 0 η = ∞⇒ f ′ = 1 (4.8)

The last boundary condition can be replace by (η = 0 ⇒ f ′′ = 0.4696). The

results of velocity profile at different stations match with that derived by Blasius

equation, as shown in figure(4.4).

In order to testify the numerical code in determining the local skin friction drag

(cf ), which is generally is expressed as:

cf =
τw

1
2
ρU2

∞Lref

(4.9)

The results are compared with the derived formulation from Blasius equation,

which is written as follows:

cf =
0.664√
Rex

=
0.664√
ρU∞x

µ

(4.10)

Clustering of grid lines near the wall is applied employing geometric progression

technique mentioned in sub-section 3.6.1, such that the minimum grid size is set

to be 10−4 [m]. In order to estimate grid sensitivity of the numerical code to

determine the local friction coefficient, the laminar flow is resolved using two grids

of sizes 51 × 55 and 101 × 55, as shown in figures (4.1) and (4.2) respectively.

The progression rate (r) is about 1.12, to generate smooth increase in the spatial

intervals in the normal direction from the wall surface.
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Figure 4.1: The mesh of size 51×55 utilized for solving viscous flows over

a flat plate.

Figure 4.2: The mesh of size 101 × 55 utilized for solving viscous flows

over a flat plate.
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Local time stepping is applied, where CFL coefficient is constant and set to be

(σ = 0.9). The density normalized residual is plotted versus the solution iterations,

as illustrated in figure (4.3). For the mesh size of 51×55, The solution convergence

of the laminar flow case is approximately achieved after 30× 103 iterations, where

sharp fluctuations of the normalized residual value around 10−6 are observed. That

can be refereed to the use of discontinuous slope limiter to satisfy TVD condition.

Figure 4.3: Convergence history of the laminar flow test case.

According to figure (4.5), the numerical calculations overestimate the local fric-

tion coefficient, especially near the leading edge. And it approaches the analytical

solution by increasing the number of mesh nodes. It is concluded that it is rec-

ommended to cluster the grid lines near the leading edge of the flat plate when

accurate estimation of the skin friction drag is necessary.
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Figure 4.4: Velocity profile for laminar flow solved by Blasius equations

versus numerical solution at different stations

Figure 4.5: Local skin friction Coefficient for laminar flows using Blasius

equation beside numerical solver for two different discretizations
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4.2.2 Turbulent Flow Test Case

For viscous flows over flat plates, full transition to turbulent condition is com-

pletely assured when Reynolds number exceeds 5 × 106. For this problem, inlet

Reynolds number is set as (Re = 5.4 × 106 > 5 × 106), and fix the value of the

Mach number as in the previous case, i.e. (Min = 0.4), the inlet conditions for

turbulent flow case are:

Pin = 50000 [Pa] ρin = 0.5 [kg/m3] uin = 150 [m/sec] vin = 0 [m/sec]

(4.11)

The typical turbulent velocity profile near to the wall surface can be described

in the universal graph of law of the wall, which is drawn using the dimensionless

flow variables (n+, u+), which are mentioned before in section 2.7, and they are

referred to the wall surface conditions, such that:

n+ =
uτρwn

µw

u+ =
V

uτ

(4.12)

where uτ =
√
τw/ρw. The turbulent velocity profile can be divided into a number

of sub-layers, starting with the viscous sublayer, where the dimensionless velocity

(u+) is linearly proportional to dimensionless normal distance from the wall (n+).

And after an intermediate region known as the buffer zone, they are related in

logarithmic relation in the fully turbulent zone.

Viscous Sublayer : u+ = n+

Fully Turbulent Zone : u+ =
1

0.41
ln
(
n+
)

+ 5.15
(4.13)

In addition, the local skin friction coefficient for turbulent flow (cf ) can be deter-

mined analytical by the one fifth power law, or by White’s empirical law, which

are written as follows:

One Fifth Power Law : cf =
0.058

Rex
1/5

=
0.058(

ρU∞x

µ

)1/5

White′s Law : cf =
0.455

[ln (0.06 Rex)]
2 =

0.455[
ln

(
0.06

ρU∞x

µ

)]2

(4.14)

Geometric progression technique is used to cluster the grid lines near the wall

side, such that the minimum grid size is set 10−6, in order to resolve more grid

points in the viscous sublayer. The turbulent flow is resolved using a mesh of size
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51× 55, as shown in figure (4.1). The progression rate (r) is raised to be 1.24, as

the order of magnitude of the minimum grid size is reduced compared to that of

the laminar test case. But, the gradual progression in the grid size is still preserved.

Time marching is implemented using local time stepping, with constant CFL co-

efficient approaching to unity (i.e., σ = 0.9). The density normalized residual is

plotted versus the solution iteration, in figure (4.6) for the turbulent flow case.

Convergence for the mesh of size 51× 55 is achieved after 2× 106 iterations. This

slow convergence is due to applying explicit time integration for the flow convective

and viscous terms.

Figure 4.6: Convergence history of the turbulent flow test case.

And, it is found that numerical solutions at different stations coincide with velocity

profile of the analytical solution of the law of the wall, as shown in figure (4.7). It

is observed that the “fully turbulent log-law zone” increases downstream, as the

boundary layer thickness increases along the flat plate. Additionally, the numerical

estimation of the local skin friction coefficient for turbulent flow by mesh of size

(51× 55) is compared to the solutions of the one fifth power law and White’s law

as shown in figure (4.8). It is also noticeable that the local friction coefficient (cf )

is overestimated by the numerical solver, especially at the leading edge.
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Figure 4.7: Typical turbulent velocity profiles for the analytical solution

and numerical results at different stations

Figure 4.8: Turbulent local skin friction coefficient over a plat plate of

the numerical solver and analytical solutions of Power and White’s laws
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4.3 Invscid Chemically-Reacting and Supersonic

Flow in 2-D Axisymmetric Nozzle

In the following test cases, the numerical code is evaluated to solve invscid pre-

mixed hydrogen-air chemically reacting flows with and without shocks. As shown

in figure (4.9), the schematic diagram illustrates the test case of premixed hydrogen-

air reacting flow with an equivalence ratio of (φ = 0.29841), in axisymmetric

conduit of adiabatic walls. And, the inlet conditions are given as follows:

Tin = 1884.3 [K] Pin = 0.8026×105 [Pa] uin = 1245 [m/sec] vin = 0 [m/sec]

(4.15)

It is required to solve 2D invscid flow through the divergent part of axisymmetric

nozzle, whose length is set to be the reference length, and equals to 2 meters.

Besides, the reference values of transport coefficients, density, velocity, and tem-

perature are equal to the air-hydrogen mixture properties at the inlet.

Lref = 2 [m] ρref = ρin Tref = Tin Vref = Vin

µref = µLin
kref = kLin

Dref = DLin

(4.16)

And, the nozzle radius is a sinusoidal function of the longitudinal distance along

the nozzle axis as:

r = 0.125L
[
1 + sin

(πx
2L

)]
(4.17)

Figure 4.9: Schematic diagram for the test case of invscid flow of chemi-

cally reacting hydrogen-air mixture in axisymmetric nozzle
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4.3.1 Complete Expansion Test Case

In this case, the symmetry condition is applied at the nozzle centerline, where

the spatial discretization size is (41 × 11). The grid size is sufficient, there is no

expected shock wave in this invscid flow problem. As shown in figure (4.10), the

structured mesh is generated by using arithmetic progression function which is

described by equation (3.94).

Time-integration is carried out using minimum time stepping with CFL number

equals to (σ = 0.1), in order to avoid any instability result from incorrect guess of

the initial conditions of the computations. The convergence history is displayed

in figure (4.11). Local peaks of order of 10−1 arise in the intermediate iterations

due to the inaccurate assumption of the initial flow condition. It is shown that

the convergence is attained approximately after 5000 iterations. Also, it is noticed

that there are fluctuations in the value of the normalized residual at convergence

near the value 10−6, due to using minmode slope limiter. It is expected, that the

convergence value of the residual would be raised to order of magnitude 10−4 or

10−3, if other slope limiter is applied.

Numerical solution for the species mass fraction distribution is presented in figures

(4.12)-(4.15). It is shown that rapid rates of termination of the main reactants

(i.e. Hydrogen and atoms molecules), and of formation of the main product (i.e

water), approximately in one tenth of the nozzle length. Also, figure (4.14) illus-

trates steep rise in the Hydroxyl mass fraction (YOH) at the inlet. That is not a

surprise, as the characteristic time of formation of this intermediate species is of

order 10−11 seconds. After that, the species concentrations seem to be not signif-

icantly changed. That leads to realize that chemical equilibrium model is model

efficient than finite-rate chemistry model in this test case, which typically repre-

sents the supersonic expansion inside rocket engines. That is due to the residence

time of reacting species is long enough to achieve chemical equilibrium state, even

though the flow exceeds sonic speed.
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Figure 4.10: The mesh of size 41× 11, utilized in solving complete expan-

sion case

Figure 4.11: Convergence history of the chemically reacting invscid com-

plete expansion in axisymmetric nozzle.

Due to the exothermic reaction of OH-group formation, figures (4.16) and (4.17)

show the rise in pressure and temperature. The pressure increase starts from the

flow inlet, in a semi-circular region, wherein the maximum pressure is reached at

the centerline. Likewise, the temperature is raised just after the abrupt increase

in OH mass fraction.

It is noticed in figure (4.18) that the value of Mach number (M) slightly drops
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in the region of pressure/temperature rise, followed by supersonic expansion, to

reach its maximum value at the centerline, at the nozzle exit. In figure (4.19), the

distribution of the mixture specific heat ratio (γmix) shows that the relative max-

imum variation does not exceed 3%. Hence, applying constant value of specific

heat ratio in gas dynamic relations, is not far deviated from the accurate solution,

in this type of reacting flow.

The solutions at the nozzle axis and wall, in addition to the cross-sectional weighted-

averaged solution along the nozzle axis, are compared with of the quasi one dimen-

sional flow solution introduced by Drummond et al. [21], where spectral method is

applied, with only 17 nodes. It is noticeable that there is semi-coincidence between

the present and previous results for species mass fractions in figures (4.20)-(4.23).

It is concluded that the chemical reactions rates is slightly higher at the nozzle axis

than that at the nozzle wall. As, it is illustrated in figures (4.20)-(4.21), that the

hydrogen and oxygen mass fractions is higher than that at the nozzle centerline,

while the case it is completely the opposite for water mass fraction, as shown in

figure (4.23). However, it is observed that there is no significant change in the

species concentration along the nozzle radius.

In figure (4.24), the averaged solution of pressure matches with the quasi 1D

solution of Drummond et al. [21], except in the magnitude of the maximum pres-

sure, with a relation difference of order 10%. Also, it is shown that the maximum

value of pressure, attained at the nozzle centerline. On the other hand, the wall

pressure drop is followed by a small rise, before the flow is completely expanded at

the nozzle exit. That shows the difference in the pressure distribution behavior,

between the quasi 1D solution, and the axisymmetric 2D solution, illustrated in

figure (4.16).

Also, it should to note that the 1D calculations of Drummond et al. [21] overes-

timates temperature along nozzle, as presented in figure (4.25). That is because

of the difference between the present and previous calculations in the formula of

the specific heat coefficient (cp) of different species. As mentioned in section 2.3,

the specific heat coefficients are calculated using fifth order polynomial functions,

whose coefficient are given by Mcbride et al. [43], and presented in appendix D.

On the other hand, Drummond et al. [21] calculated them using linear function,

whose coefficients are not mentioned in their study.
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Figure 4.12: Mass fraction contours of Hydrogen (YH2
) for complete ex-

pansion through axisymmetric nozzle

Figure 4.13: Mass fraction contours of Oxygen (YO2
) for complete expan-

sion through axisymmetric nozzle
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Figure 4.14: Mass fraction contours of Hydroxyl group (YOH) for complete

expansion through axisymmetric nozzle

Figure 4.15: Mass fraction contours of water (YH2O) for complete expan-

sion through axisymmetric nozzle
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Figure 4.16: Pressure (P ) contours for complete expansion through ax-

isymmetric nozzle

Figure 4.17: Temperature (T ) contours for complete expansion through

axisymmetric nozzle
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Figure 4.18: Mach Number (M) contours for complete expansion through

axisymmetric nozzle

Figure 4.19: Mixture specific heat ratio (γmix) contours for complete ex-

pansion through axisymmetric nozzle
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Figure 4.20: Present solution compared to previous calculations of Drum-

mond et al. [21] for Hydrogen mass fraction (YH2
)

Figure 4.21: Present solution compared to previous calculations of Drum-

mond et al. [21] for Oxygen mass fraction (YO2
)
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Figure 4.22: Present solution compared to previous calculations of Drum-

mond et al. [21] for Hydroxyl mass fraction (YOH)

Figure 4.23: Present solution compared to previous calculations of Drum-

mond et al. [21] for water mass fraction (YH2O)
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Figure 4.24: Present solution compared to previous calculations of Drum-

mond et al. [21] for pressure (P )

Figure 4.25: Present solution compared to previous calculations of Drum-

mond et al. [21] for temperature (T )
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4.3.2 Over-Expansion Test Case

Imposing atmospheric back pressure, i.e (Pout = 101325 [Pa]), a normal shock

wave is formed inside the axisymmetric nozzle to match the exit pressure with

back pressure. Three meshes of different sizes (101× 25, 151× 25, and 201× 25)

are applied, to evaluate to the solution sensitivity to the grid size. They are illus-

trated in figures (4.26)-(4.28), where the discretization in x-direction is increased,

in order to testify the code capability of resolving transverse shock waves. It is

observed that the cell aspect ratio is still acceptable, even after the mesh size is

enlarged in one direction only.

Minimum time stepping with CFL number equals to 0.1, in order to avoid any in-

stability result from incorrect guess of the initial conditions of the computations.

The convergence history is displayed in figure (4.29). It is observable the solu-

tion convergence is achieved after approximately 13000 iterations. However, the

value of normalized residual of density does not exceed 10−5, and its magnitude

continues in fluctuations above 10−5.

Figure 4.26: 101× 25 mesh, used in solving over-expansion case

Figure 4.27: 151× 25 mesh, used in solving over-expansion case

Figure 4.28: 201× 25 mesh, used in solving over-expansion case
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Figure 4.29: Convergence history of the chemically reacting invscid over-

expansion in axisymmetric nozzle.

As illustrated in figures (4.30)-(4.36), the normal shock wave in the case of 2D

axisymmetric flow, takes the shape of spherical shell, where the location of flow

variable discontinuity varies with the radial distance from the nozzle axis. The

distribution behaviors of the mass fraction of Hydrogen (YH2
) and oxygen (YO2

)

are almost the same as shown in figures (4.30)- (4.31). The shock effect in acceler-

ating the chemical reactions is observable. And, the species mass concentrations

becomes unchanged after the shock. It should be to mention that the mass frac-

tion of water (YH2O) seems to be unaffected with the presence of the transverse

shock wave, which indicates that water reaches its chemical equilibrium, and it

is no longer sensitive to the static temperature increase provided by the normal

shock wave. Additionally, the Hydroxyl sudden rise takes place in the grid points,

which come just after the flow inlet, as shown in figure (4.32). That leads to

conclude that the solution of Hydroxyl concentration, is greatly dependent on the

mesh size, especially at the regions of combustion initiation.

It is shown from the Mach number contours, in figure (4.34), that the flow begins

to expand after the main combustion regime, whose length is about 10% of the

nozzle length. Then, the flow expansion is interrupted with the normal shock
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wave, to be decelerated to subsonic speeds. It is shown that the pressure and tem-

perature seem to be unchanging after the shock as shown in figures (4.35)-(4.36).

In figures(4.37)-(4.41), the present results are compared with the previous calcu-

lations of Grossman and Cinnella [30], for the same test case, except they solved

it using quasi 1D flow model. The present solutions at the centerline and wall,

beside the cross-sectional averaged solution, are all plotted versus the results for

the one dimensional flow. Also, the grid sensitivity analysis is carried out, where

the solutions for different discretization size in x-direction are presented. It is ob-

served that the averaged solution matches with the general trend of the 1D flow.

However, the flow discontinuity at the centerline is the closet to the shock wave

of the previous calculation. The flow variables discontinuity seems to be smooth,

as the normal shock wave takes the shape of the spherical shell instead of planar

surface in the case of 2D axisymmetric flow. As illustrated in figures (4.37)-(4.39),

the shock wave contributes in accelerating the rates of termination of Oxygen and

formation of Hydroxyl-group, while the water mass fraction (YH2O) seems to be

unaffected, except the wall surface.

In figures (4.40) and (4.41), it is shown that variables discontinuity at the nor-

mal shock are not so sharp, even though second order spatial accurate scheme is

applied. That is because of the diffusive effect of minmode limiter at sharp flow

discontinuities, as mentioned before in subsection 3.3.2. The present solutions

show observable secondary peak at the nozzle centerline after the main combus-

tion zone, where temperature and pressure reaches their maximum values, and

before the normal shock. That is due to the inefficiency of the use discontinuous

slope limiter in modeling continuous local maxima or minima in the flow field, as

previously mentioned by Hirsch [32].
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Figure 4.30: Mass fraction contours of Hydrogen (YH2
) for over-expansion

through axisymmetric nozzle

Figure 4.31: Mass fraction contours of Oxygen (YO2
) for over-expansion

through axisymmetric nozzle
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Figure 4.32: Mass fraction contours of Hydroxyl (YOH) for over-expansion

through axisymmetric nozzle

Figure 4.33: Mass fraction contours of water (YH2O) for over-expansion

through axisymmetric nozzle
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Figure 4.34: Mach number (M) contours for over-expansion through ax-

isymmetric nozzle

Figure 4.35: Pressure (P ) contours for over-expansion through axisym-

metric nozzle
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Figure 4.36: Temperature (T ) contours for over-expansion through ax-

isymmetric nozzle

Figure 4.37: Present solution compared to previous calculations of Gross-

man et al. [30] for Oxygen mass fraction (YO2
)
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Figure 4.38: Present solution compared to previous calculations of Gross-

man et al. [30] for Hydroxyl mass fraction (YOH)

Figure 4.39: Present solution compared to previous calculations of Gross-

man et al. [30] for water mass fraction (YH2O)
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Figure 4.40: Present solution compared to previous calculations of Gross-

man et al. [30] for pressure (P )

Figure 4.41: Present solution compared to previous calculations of Gross-

man et al. [30] for temperature (T )

85



4.4 Turbulent Chemically Reacting Flows in a

Ramped Duct

The numerical code is also evaluated to solve turbulent premixed Hydrogen-air

supersonic flow in a two-dimensional ramped duct, which shown in figure (4.42).

The duct walls are assumed to be adiabatic. And, the incoming flow is premixed

hydrogen-air at stoichiometric ratio. The problem is solved for two different inlet

temperatures; below and above the ignition threshold which is equal to 1000 [K].

The inlet conditions are described as follows:

Tin =

{
900 [K] Test Case 1

1200 [K] Test Case 2
Pin = 101325 [Pa] Min = 4.0 φin = 1.0

(4.18)

The reference length is set to be the longitudinal length of the duct, while the

other reference variables to equal to the inlet flow properties as shown below:

Lref = 3 [cm] ρref = ρin Tref = Tin Vref = Vin

µref = µLin
kref = kLin

Dref = DLin

(4.19)

For each of the two cases, three different sets of calculations using different meshes,

whose sizes are 31 × 51, 61 × 51 and 91 × 51, as shown in figure (4.43)-(4.45).

Arithmetic progression is used in spatial discretization in x-direction, according

to equation (3.94). While discretization in y-direction is carried out using second

Roberts transformation function, mentioned before in 3.6.1, where the clustering

coefficient are set to be (βy = 1.009) and (αy = 0.5).

Figure 4.42: Schematic diagram of hydrogen-air flow in 2D ramped duct

86



Figure 4.43: 31×51 mesh, used in solving turbulent flow in a ramped duct

Figure 4.44: 31×51 mesh, used in solving turbulent flow in a ramped duct

Figure 4.45: 31×51 mesh, used in solving turbulent flow in a ramped duct
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4.4.1 Non-reacting Inlet Flow Test Case

In the first test case the inlet temperature is below the ignition threshold of

hydrogen-air combustion system (1000 [K]). But, it rises after the oblique shock

wave and in the viscous layers near wall surface, to become high enough, i.e.

(greater than 1000 [K]), for combustion initiation. It is important to point that

the formed oblique shock is considered as detonation wave, as it is responsible in

the reaction excitation and sustainability.

Local time-stepping is used in the pseudo time-integration, where CFL number

equals to (σ = 0.1). It is shown that convergence is attained after a relatively few

number of iterations, as illustrated in figure (4.46). That is because the integration

time step is locally calculated, instead of using its minimum value to be the global

time-step. It is shown that the convergence in the value of the density normalized

residual, is attained approximately after 1500 iterations, followed by fluctuations

around 6× 10−6.

Figure 4.46: Convergence history of the case of turbulent premixed flow

in a ramped duct for Tin = 900 [K].

As shown in the species mass fractions contours, in figures (4.47)-(4.50), chemical

reaction actually begin after the oblique shock wave and in the shear layer near the

lower and upper walls. As the inlet temperature is not high enough to combustion
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excitation (i.e. Tin = 900 [K] < 1000 [K]). Some fluctuation are observable in

the Oxygen and Hydroxyl mass fractions, along the oblique shock wave, as the

shock-initiated reactions of O2 termination and OH formation are characterized by

its very high rates, in Rogers and Chinitz model. [48]. In figure (4.52), it obvious

that some week shocks formed at the leading edge of the duck in the lower and

upper walls, followed by a stronger oblique shock wave, which reduce flow Mach

number (M) about 50% of its value at the duct inlet. Besides, the boundary layer

growth is observed, especially at the upper wall, where the boundary layer thick-

ness reach its maximum value at the duct exit. It is shown that the maximum

variation in the mixture specific heat ratio (γmix), is about 7.6% relative to its

minimum value, which should be considered in evaluation of frozen flow models,

which use constant value of the mixture heat ratio. The pressure and temperature

distributions are illustrated in figures (4.53) and (4.54), respectively. There is rise

in the static pressure, following the oblique shock. It considered as evidence of

the shock-induced combustion effect in raising the static pressure, just after the

oblique shock wave. However, the maximum temperature attained at the viscous

layers in the lower wall behind the shock, where static temperature is raised above

3300 [K], due to the flow deceleration by the shock wave, in addition to the shear

effect at the adiabatic walls.

Figures (4.55)-(4.60) present the numerical solutions at normal distance of 0.13

[cm] from the wall, which is approximately at the grid line of index (j = 14). The

present numerical solutions of the three different meshes sizes(31 × 51, 61 × 51,

and 91 × 51) are compared to the previous solutions of Chitsomboon et al. [14],

and Shuen and Yoon [54]. The first conclusion is that the present solutions are

unsensitive to grid resolution, which is a proof of the code efficiency in using small

grid size. Also, there is observable qualitative and quantitative approaching be-

tween the present solutions and the previous solution of Chitsomboon et al. [14].

It is noted that the OH mass fraction solution, is greatly dependent on the grid

resolution. As, there are sharp fluctuations in its value, initiated at the shock

regions. It is observed that by increasing the grid size in longitudinal direction,

the fluctuations amplitude diminish, but their number increase. This is due to the

poor estimation of Rogers and Chinitz model [48], as discussed by Chitsomboon

et al. [12]. As both sets the previous calculations did not apply any TVD scheme,

some oscillations in pressure and temperature are observed after the shock, as

shown in figure (4.59) and (4.60). In addition, the present solutions give smooth

rise in pressure across shock, due to the diffusive effect of TVD scheme. Except in

the shock region, there is coincidence between in the temperature soliton between

the present calculations and that of ref. [14].
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Figure 4.47: Mass fraction contours of Hydrogen (YH2
) in case of turbulent

reacting flow in a ramped duct for Tin = 900 [K].

Figure 4.48: Mass fraction contours of Oxygen (YO2
) in case of turbulent

reacting flow in a ramped duct for Tin = 900 [K].

90



Figure 4.49: Mass fraction contours of Hydroxyl (YOH) in case of turbulent

reacting flow in a ramped duct for Tin = 900 [K].

Figure 4.50: Mass fraction contours of water (YH2O) in case of turbulent

reacting flow in a ramped duct for Tin = 900 [K].
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Figure 4.51: Mach Number (M) contours in case of turbulent reacting

flow in a ramped duct for Tin = 900 [K].

Figure 4.52: Mixture specific heat ratio (γmix) contours in case of turbu-

lent reacting flow in a ramped duct for Tin = 900 [K].
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Figure 4.53: Pressure (P ) contours in case of turbulent reacting flow in

a ramped duct for Tin = 900 [K].

Figure 4.54: Temperature (T ) contours in case of turbulent reacting flow

in a ramped duct for Tin = 900 [K].
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Figure 4.55: Present solution compared to previous calculations of ref.

[14] and [54] for H2 mass fraction at 0.13 cm from the lower wall

Figure 4.56: Present solution compared to previous calculations of ref.

[14] and [54] for O2 mass fraction at 0.13 cm from the lower wall
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Figure 4.57: Present solution compared to previous calculations of ref.

[14] and [54] for OH mass fraction at 0.13 cm from the lower wall

Figure 4.58: Present solution compared to previous calculations of ref.

[14] and [54] for H2O mass fraction at 0.13 cm from the lower wall

95



Figure 4.59: Present solution compared to previous calculations of ref.

[14] and [54] for pressure at 0.13 cm from the lower wall

Figure 4.60: Present solution compared to previous calculations of ref.

[14] and [54] for temperature at 0.13 cm from the lower wall
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4.4.2 Reacting Inlet Flow Test Case

In the second case, when the inlet temperature exceeds the minimum limit of com-

bustion initiation, (i.e. Tin = 1200 [K] > 1000 [K]), chemical reactions takes place

starting from the duct inlet. However, the static temperature rise at the formed

oblique shock wave, accelerates significantly the chemical reaction rates.

Pseudo time-integration is also applying here local time step, with CFL num-

ber equals to (σ = 0.1). It is shown that convergence is attained fast after 1200

iterations, as illustrated in figure (4.61). After that, the density normalized resid-

ual is fluctuating below 10−5, where the troughs of this fluctuations (the minimum

values of the fluctuating residual) decrease by time-integration.

Figure 4.61: Convergence history of the case of turbulent premixed flow

in a ramped duct for Tin = 1200 [K].

As shown figures (4.62)-(4.65), it is found that the reduction in Oxygen and Hy-

drogen mass fractions, and the increase in Hydroxyl and water mass fractions,

start from the duct inlet. However, it is observable that the O2 and H2 termina-

tion, and OH and H2O formation, are accelerated after the oblique shock wave.

As it is noticed that the mass fractions of O2 and H2 is reduced after the shock

by about 75% and 50% respectively, relative to their values at the inlet.
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It is noticed in figure (4.66), that the waves at the duct leading edges becomes

weaker than that in the firs case. The variation in flow Mach number (M) and

the specific heat ration (γmix) before the shock becomes smoother, as shown in

figures(4.66)-(4.67). That is due to the heat released from the exothermic chemical

reactions, initiated at the duct inlet. It is important to mention that the maximum

static pressure attained in this problem does not exceed 4.0 [bar], which is lower

than that achieved by the previous test case of lower inlet temperature. Even

though the total inlet total pressure is higher in the second test case, the higher

static pressure is achieved in the first one. That is because in the first case, the

sudden reaction initiation across the shock wave, in addition of the shock compres-

sion effect, leads to sharp rise in static pressure only after the oblique shock wave,

and the thermal energy produce from the exothermic reactions is distributed in

smaller region.

Figures (4.70)-(4.74) present the numerical solutions for three meshes, where the

discretization in y-direction is constant (i.e. jmax = 51), and the mesh sizes in

x-direction are imax = 31, 61, and 91. The present solutions are introduced at a

distance of 0.13 [cm] from the lower wall, which at the grid line of index (j = 14).

And they are compared to the previous results of Yee and Shinn [66] and that

of Shuen and Yoon [54]. It is noticeable that the numerical solver overestimates

the reactions reactions. That appears in figures (4.70)-(4.72), where there is a

sudden decrease in Oxygen and Hydrogen mass fraction, and very steep rise in

Hydroxyl concentration, at the duct inlet. It is shown that solutions of O2 and

OH are greatly sensitive to the grid resolution at the duct inlet. However, there is

matching between the present solution and that of Yee and Shinn [66]. In figure

(4.74), the solution of Shuen and Yoon [54], has nonphysical oscillations after the

shock, due to its scheme did not satisfy TVD conditions. On, the other hand, the

present solutions and that of ref. [66], have no oscillation, but the diffusive effect

of their TVD schemes is obvious. In figure (4.75), there is no solution available

for temperature from ref. YS, and there is about 20 % variation from the present

solution and that of ref. [54]. That leads to the conclusion, that the pressure

and temperature are overestimated by Shuen and Yoon [54], in the both discussed

cases (i.e. Tin = 900 [K]and1200 [K]), after the comparison the results to that of

Chitsomboon et al. [14] in the first case, and that of Yee and Shinn [66] in the

second one.
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Figure 4.62: Mass fraction contours of Hydrogen (YH2
) in case of turbulent

reacting flow in a ramped duct for Tin = 1200 [K].

Figure 4.63: Mass fraction contours of Oxygen (YO2
) in case of turbulent

reacting flow in a ramped duct for Tin = 1200 [K].
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Figure 4.64: Mass fraction contours of Hydroxyl (YOH) in case of turbulent

reacting flow in a ramped duct for Tin = 1200 [K].

Figure 4.65: Mass fraction contours of water (YH2O) in case of turbulent

reacting flow in a ramped duct for Tin = 1200 [K].
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Figure 4.66: Mach number (M) contours in case of turbulent reacting

flow in a ramped duct for Tin = 1200 [K].

Figure 4.67: Mixture specific heat ratio (γmix) contours in case of turbu-

lent reacting flow in a ramped duct for Tin = 1200 [K].
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Figure 4.68: Pressure (P ) contours in case of turbulent reacting flow in

a ramped duct for Tin = 1200 [K].

Figure 4.69: Temperature (T ) contours in case of turbulent reacting flow

in a ramped duct for Tin = 1200 [K].
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Figure 4.70: Present solution compared to previous calculations of ref.

[66] and [54] for H2 mass fraction at 0.13 cm from the lower wall

Figure 4.71: Present solution compared to previous calculations of ref.

[66] and [54] for O2 mass fraction at 0.13 cm from the lower wall

103



Figure 4.72: Present solution compared to previous calculations of ref.

[66] for OH mass fraction at 0.13 cm from the lower wall

Figure 4.73: Present solution compared to previous calculations of ref.

[66] and [54] for H2O mass fraction at 0.13 cm from the lower wall
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Figure 4.74: Present solution compared to previous calculations of ref.

[66] and [54] for pressure at 0.13 cm from the lower wall

Figure 4.75: Present solution compared to previous calculations of ref.

[54] for temperature at 0.13 cm from the lower wall
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4.5 Sonic Transverse Helium Injection to Super-

sonic Air Flows

Fuel-air mixing mechanism in scramjet engines using fuel sonic transverse injec-

tion into the supersonic air flow, have a very complicated system of shocks and

separation vortices. The developed code reliability is testified to solve the two-

dimensional non-reacting problem case of Helium injection at sonic speed perpen-

dicular to supersonic air flow from a slot of width 0.0559 [cm], as illustrated in

figure (4.76). The conditions of inlet air and injected Helium are given as:

Minair
= 2.9 Tinair

= 108.0 [K] Pinair
= 0.0663 [MPa]

MinHe
= 1.0 TinHe

= 217 [K] PinHe
= 1.24 [MPa]

(4.20)

Air is assumed to be completely homogenous. That enable to apply two species

model. Where the air is considered as an individual species beside Helium. The

thermodynamic properties of both air and Helium are assumed to constants, as

given below:

Mair = 28.98 [
kg

kmole
] ho

fair
= −31457.64 [

J

kg
]

MHe = 4.0026 [
kg

kmole
] ho

fHe
= −1548557.0 [

J

kg
]

γair = γHe = 1.4

(4.21)

Figure 4.76: Schematic diagram of Helium sonic transverse injection into

supersonic air flow
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The longitudinal length of the duct is taken as the reference length (Lref ), while

the air inlet properties is set to be the other reference variables, as follows:

Lref = 0.254 [m] ρref = ρinair
Tref = Tinair

Vref = Vinair

µref = µLinair
kref = kLinair

Dref = DLinair

(4.22)

The domain discretization is shown in figure (4.77), where second Roberts trans-

formation function, discussed in 3.6.1, is applied for grid line stretching in y-

direction, where the hyperbolic sine transformation function, mentioned in 3.6.2

is employed to cluster the grid line in x-direction around the vertical line of

(x = xo = 0.178 [m]), where Helium is injected from the lower wall. The clustering

constants written in equations (3.102) and (3.101) have the following values:

βx = 13 βy = 1.001 αy = 0.5 (4.23)

Figure 4.77: The mesh of size 101 × 51 utilized to solve the transverse

injection test case.

Figure (4.78) show the history of density normalized residual, plotted versus the

time-integration iterations. It is important point the attention that the flow phe-

nomena accompanying sonic transverse injection are quite unsteady, in spite of

the steadiness of the flow properties at both inlets. The normalized residuals of

the solution do not converge to a final steady state. Instead, their values fluctuate

around mean values, which is much higher than that of the previous discussed

problems. In problems of these complicated flow feature, minimum time stepping

is applied, where CFL number equals to (σ = 0.1), as recommended by Chitsom-

boon and Tiwari [12].
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Figure 4.78: History of density normalized residual with time-integration

iterations in the case of He sonic transverse injection.

As shown in figures (4.79) and (4.80), the flow shock system can be demonstrated

from the domain contours of flow Mach number (M) and mixture density (ρ). It

is shown that the separation shock is formed upstream with respected to the per-

pendicular injection zone. The flow speeds is obviously low, after the separation

shock, and in front of the injectant Helium. Then, it is followed by a strong bow

shock, which is reflected on the opposite upper wall.

An enlarge view near the Helium injection zone is given in figure (4.81) to il-

lustrate the recirculation zones formed surrounding the perpendicularly injected

Helium stream. It is shown that the separation shock prevent the transverse flow

to be swept by the supersonic air stream. In addition, the front low-speed re-

circulation zone has significant role in air-injectant mixing process. Also, it is

illustrated that the backward vortices of higher speeds is followed by flow reat-

tachment. One of the most characteristic phenomena of transverse sonic injection,

can be recognized; as the sonic injected flow is accelerated inside a barrel-shaped

stream tube, surrounded with bow shocks and then decelerated to sonic speed

again at the Mach dish. The numerical solver potential is proved in modeling this

complicated system of flow features, which is discussed before in section 1.2, and
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illustrated by a schematic diagram in figure (1.2).

The performance of transverse sonic inject in flame holding and mixing, can be

also more explored in figures (4.82) and (4.83). The contours of temperature (T )

presented in figure (4.82) shows the considerable effect of the front recirculation

zone in flame holding, as static temperature is sustained high in the vortices region,

after its rise thanks to the separation shock. Also, the mixing process represented

in Helium mass fraction distribution is illustrated in figure (4.83), where the main

mixing process is carried out in the front recirculation zone. In addition, He-air

mixing takes place, by diffusive He-transfer through the mixing free shear layer.

It is observed that the injection pressure is about 20 times the air inlet flow

pressure. The injectant pressure is much higher than air flow pressure, in order

to enable the injected flow to decelerate the supersonic flow around the injection

zone. Hence, raising the injection pressure, strengthen the formed shock system

surrounding the injection regime, and improve the injectant penetration into the

main stream.

The numerical code results is validated with the experimental results of Krae-

mer, G.O, and Rogers, R.C., which were reported by Drummond and Weidner

[22], and introduced also by Shuen and Yoon [54], and with the previous calcula-

tions of the later reference. Comparison is carried out in the pressure solution at

the lower wall around the injection zone, at the transverse section at x = 216 [mm]

from the duct inlet, or other words at 3.81 [cm] from the injector. There is ob-

servable matching between the present solution of pressure at the wall surface

and experimental results, as shown in figure (4.84). Shuen and Yoon calcula-

tions [54], obviously overestimated the wall pressure. The present solution show

a sharp pulse, indicating the pressure of the injected Helium, which is equal to

1.26× 106 [Pa]. Despite the good prediction of the present numerical code for the

wall pressure, figure (4.85) illustrates observable difference between the present

solution, and the experimental results. The maximum variation relative to the

local value of the present solution, is estimated about 25% near the lower wall,

while it reaches to 50% near the upper wall. That is because the effect of using

minmode limiter to satisfy TVD conditions, as the numerical code is inaccurately

capable of resolving successive sharp changes in pressure along y-direction. How-

ever, the numerical results matches both the previous solution of ref. [54], and the

experimental results in the mixing free shear layer.
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Figure 4.79: Mach Number (M) contours for the test case of Helium sonic

transverse injection

Figure 4.80: Density (ρ) contours for the test case of Helium sonic trans-

verse injection
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Figure 4.82: Temperature (T ) contours for the test case of Helium sonic

transverse injection

Figure 4.83: Contours of the mass fraction of Helium (YHe), which trans-

versely injected to air supersonic flow.
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Figure 4.84: The solution of pressure at the lower wall around injector,

compared to experimental results and previous calculations (ref. [54])

Figure 4.85: The solution of pressure at x = 216 [mm] from the duct inlet,

compared to experimental results and previous calculations (ref. [54])
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4.6 Mixing and Combustion Processes in Single-

Strut Scramjet Engines

?? The last test case considers the non-reacting/reacting turbulent flow field in

a 2D single strut scramjet engine model problem, which is introduced first by

Drummond and Weidner [22]. The configuration for the problem is described in

figure (4.86). The engine length is 0.78 [m], while its width at the inlet leading

edge is 0.15 [m]. The middle fuel injection strut is 0.258 [m] long and is centered

about the module minimum cross-section, which is located at 0.378 [m] from the

inlet leading edge. The half angles of the inclination of engine and injection-

strut walls are 7.1 degrees. This geometry is a two-dimensional projection for

an individual module of an actual scramjet engine design. Supersonic air flow

enters from the intake, where gaseous Hydrogen is injected transversely at sonic

speeds from four ports at the middle injection-strut and the engine wall, located

at 0.06 [m] downstream from the minimum cross-section. The injection opening

is equal to 0.1 [cm], which results in global equivalence ratio of unity. The inlet

conditions of both air and Hydrogen are given as follows:

Minair
= 5.03 Tinair

= 335.0 [K] Pinair
= 3546.0 [Pa]

MinH2
= 1.05 TinH2

= 246.0 [K] PinH2
= 254824.0 [Pa]

(4.24)

The longitudinal module length is taken as the reference length (Lref ), while the

air inlet properties is set to be the other reference variables, as given below:

Lref = 0.78 [m] ρref = ρinair
Tref = Tinair

Vref = Vinair

µref = µLinair
kref = kLinair

Dref = DLinair

(4.25)

Only upper half of the scramjet model is only considered, and symmetry condition

is applied at the engine centerline. Meshes of sizes 87 × 31 and 200 × 51, are

employed for domain discretization as shown in figures (4.87) and (4.88), where

second Roberts transformation function, discussed in 3.6.1, is applied for grid

line stretching in y-direction, where the hyperbolic sine transformation function,

mentioned in 3.6.2 is employed to cluster the grid line in x-direction around the

vertical line of (x = xo = 0.178 [m]), where Helium is injected from the lower

wall. The clustering constants written in equations (3.102) and (3.101) have the

following values:

For 87× 31 mesh : βx = 13 βy = 1.0001 αy = 0.5

For 200× 51 mesh : βx = 7 βy = 1.001 αy = 0.5
(4.26)
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Clustering in x-direction is applied for the station of indices (i = 3, 4, 5, ..., imax),

to cover the flow domain starting from the intake leading edge to the nozzle trailing

edge. The resolution of intake upstream is contained by the first two stations of

the generated mesh. To ensure the smoothness of the transformation derivatives

between the physical and computational domain, the axial spatial step between

the first x-stations is equal to the successive step inside the scramjet module. That

can be expressed in the following:

x2,j − x1,j

x3,j − x2,j

}
= x4,j − x3,j (4.27)

The smaller mesh is utilized as it is of the same size of mesh used by Drummond

and Weidner [22], and Chitsomboon et. al [13], to solve the same problem. The

employed mesh is not identical to theirs. So, point-to-point comparison cannot be

carried out, as the clustering coefficients of the transformation functions, generat-

ing their mesh are not presented.
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4.6.1 Non-reacting Turbulent Flow Case

The non-reacting case is solved first, in order to demonstrate the role of shock

system and recirculation zones, created around the perpendicular injectant, in

fuel-air mixing and in flame holding. It is required to explore the distribution of

Hydrogen mass fraction, as an indication of the mixing process efficiency, as well

as to study the static temperature distribution in the non-reacting case to find the

combustion-stabilized zones. It is recognized that the main design features con-

cerning the injectant conditions, is aiming to guarantee effective mixing process.

That is represented in placing the two opposite injectors near the engine cross-

section minimum. Also, the mixing is enhanced by raising the injectant pressure

relative to the air flow, to reinforce the fuel penetration into the main flow. It

is observable the injectant pressure is about 70 times the air flow static pressure,

while in the previous test case, Helium inlet pressure is only 20 times of air flow

static pressure

The governing equations are integrated in time using the global and minimum

value of time step, with CFL number equals to (σ = 0.1). It is not recommended

to apply time stepping, as mentioned by Chitsomboon et Tiwari [12]. As this

problem is considered as unsteady, the running time to solve the non-reacting test

case, for mesh size 87×31, is extended for 219 hours (i.e. 12 days approximately),

while it takes about 768 hours (i.e. 32 days), for mesh size 200 × 51. Then time

integration is stopped after 800 × 103 iterations, for both meshes, where the un-

steady flow undergoes cyclic repetitive variations, and the flow variables seem to

be fluctuating around steady magnitudes. As shown in figure (??), which illus-

trates the vibration of Hydrogen mass fraction magnitude around a mean averaged

solution.

The solution of Mach number, temperature, and Hydrogen mass fraction, for non-

reacting case, for 87× 31 mesh, are presented in figures (4.90)-(4.93). Due to the

poor grid resolution at the intake regime, the shock waves system are not accu-

rately represented, as shown in figure (4.90). Due to shock-wave/boundary-layer

interactions, recirculation zone is created in the engine intake. The vortical flow

speed is considered higher than that of the other downstream recirculation zones.

That results in static temperature rise up to about 2300[K], in the turbulent shear

layers. The recirculation zone, located in front of the injectant at the middle strut

wall, extends upstream to pass through the minimum cross-section. H2-air mixing

is carried out in the vortical flow front of the injection region, as illustrated in

figures (4.92) and (4.93). where there is obvious resemblance in the structure of
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the leading recirculation zones. After the injection region, the mixture is then

expanded, where Hydrogen diffusively transfers into air as mixing layers.

The non-reacting problem is resolved again, for a mesh size of 200 × 51, the

distribution of Mach number, static temperature, and H2 mass fraction is pre-

sented in figures (4.94)-(4.98). There is observable improvement in the present

results resolution. Mach number contours show clearly an oblique shock wave

originated from the intake leading edge, then reflected at the middle strut apex

to the upper wall again. Shock wave reflection creates a relatively high speed

recirculation zone, whose size is smaller than that predicted for the smaller-sized

mesh. Then the flow undergo downstream through complicated system of shock

reflection and separation shock, starting from the module minimum cross-section.

The flow separation at the minimum cross-section, has bigger size, compared to

previous solution, indicating more Hydrogen extension upstream. However, the

recirculation zone in front of the injected Hydrogen from the middle strut, becomes

much more smaller, because of shock reflections. As they deflect airflow direction

parallel to the injection strut walls, leading to enlarge vortical flows zone adjacent

to the engine wall in front of the injector. The vortical flow structure becomes

more complicated in both regions, and completely distinct from each other.
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Figure 4.89: Turbulent fluctuation of Hydrogen mass fraction (YH2
)

around an averaged solution
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Figure 4.90: Mach number (M) contours of the non-reacting case solu-

tion, for mesh size 87× 31

Figure 4.91: Temperature (T ) contours of the non-reacting case solution,

for mesh size 87× 31

Figure 4.92: Hydrogen mass fraction (YH2
) contours of the non-reacting

case solution, for mesh size 87× 31
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Figure 4.93: Hydrogen mass fraction (YH2
) contours within the upper

injection zone, for the non-reacting case solution, for mesh size 87× 31

Figure 4.94: Mach number (M) contours of the non-reacting case solu-

tion, for mesh size 200× 51

Figure 4.95: Temperature (T ) contours of the non-reacting case solution,

for mesh size 200× 51
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Figure 4.96: Hydrogen mass fraction (YH2
) contours of the non-reacting

case solution, for mesh size 200× 51

Figure 4.97: Mach number (M) contours within the upper injection zone,

for the non-reacting case solution, for mesh size 200× 51

Figure 4.98: Hydrogen mass fraction (YH2
) contours within the upper

injection zone, for the non-reacting case solution, for mesh size 200× 51
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4.6.2 Reacting Turbulent Flow Case

After solving the problem of non-reacting H2-air turbulent flow inside scramjet

engine. The computational solutions of the flow variables, are set to their initial

values, for the first iteration of reacting test case calculations. Unsteady Navier-

Stocks equations are solved in time using minimum time step of CFL number

equals to 0.1. The system of equations is composed of of eight coupled non-linear

partial differential equations are solved, as there is four chemically reacting species

(i.e. O2, H2, OH, and H2O), while Nitrogen is considered inert, similar to the pre-

vious non-reacting case.

The reacting case is first solved, starting the numerical solution of the non-reacting

case of mesh size 87× 31, which the same size employed in Drummond and Wei-

dner [22], and Chitsomboon et al. [13]. A continuous growth in the separation

vortical flow in the intake region, becomes more observable by marching in time.

That is because of the few cells covering the intake domain, while most of the

grid nodes are intensified near the injection zone. The bad resolution leads the

numerical solver to be unable to capture correct size of the intake vortices. It is

estimated that the running time utilizing this mesh size, takes about 434 hours

(i.e. 18 days), for only 70× 103 iterations.

Hence, time-integration of the reacting case, utilizes the computational results

of the non-reacting case of mesh size 200 × 51, for the first iteration. The un-

steady reacting solution seems to be repetitive, after 350 × 103 iterations, which

requires about 1344 hours (i.e. 56 days).

The solution of chemically reacting turbulent H2-air flow inside scramjet engine

is illustrated in figures (4.99)-(4.104). The recirculation zones upstream the mini-

mum cross-section, becomes larger compared to the non-reacting case, due to the

rise of the static temperature downstream, within the injection zone. The static

temperature is of order 3300 [K] in the flow-separation regimes before the injec-

tors. Static temperature increases by going closer to the impact zone of the vortex

flow with perpendicular H2 injection, where it reaches in singular few points to

5000 [K]. In addition, the water mass fraction, is raised up to 0.72 in a singular

point, downstream the front recirculations zone, at the start of the free mixing

layer, leading to decreasing the static pressure and raising flow Mach number up

to 6.0. That is referred to the calculations of the forward rates of the elementary

reactions, of Rogers and Chinitz mechanism, have poor accuracy in the combus-

tion initiation regimes, as concluded in section 4.4.
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Hydrogen mass fraction in the reacting case is approximately vanished in the

front recirculation zones, also it obviously reduce in the free mixing layer along

the engine module, as shown in figure (4.102). The magnitude of water mass

fraction demonstrates the extent of the combustion, along the flow field. There-

fore, as shown in figure (4.101), that combustion is mainly initiated and sustained

by means of the separations shocks in front of the injected H2 stream. It is il-

lustrated in figures (4.103) and (4.104) that the flame-holders recirculation zones

have simpler eddy-structure, compared to the non-reacting test case, because the

separation intensity is diminished due to the rise of the total temperature in the

combustion zone. Also, it is noticeable that the flow is thermally chocked the flow

within the injection zone, which must be avoided in scramjet engine design and

development.
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Figure 4.99: Mach number (M) contours of the reacting case solution,

for mesh size 200× 51

Figure 4.100: Temperature (T ) contours of the reacting case solution, for

mesh size 200× 51

Figure 4.101: Water mass fraction (YH2O) contours of the reacting case

solution, for mesh size 200× 51
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Figure 4.102: Hydrogen mass fraction (YH2
) contours of the reacting case

solution, for mesh size 200× 51

Figure 4.103: Mach number (M) contours within the upper injection

zone, for the reacting case solution, for mesh size 200× 51

Figure 4.104: Water mass fraction (YH2O) contours within the upper in-

jection zone, for the reacting case solution, for mesh size 200× 51
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4.6.3 Comparison between the Results

In this section, the numerical solutions for turbulent flow in scramjet engine are

more deeply analyzed and compared to each others, to previous calculations of

the same problem. First of all, the comparisons are mostly carried out in terms of

normalized variables, refereed to the main features of the specified test case. That

facilitates to evaluate different sets of results. The utilized normalized variables

are the axial and transversal normalized distance; xnorm, and ynorm respectively,

in addition to the normalized pressure (Pnorm). They are expressed as follows:

xnorm =
x− xintake leading edge

xintake leading edge − xnozzle trailing edge

ynorm =
y − ymin

ymax − ymin

Pnorm =
P − Pair inlet

PH2 injection − Pair inlet

(4.28)

First comparison is applied between the solutions of the non-reacting case for mesh

sizes: 87 × 31 and 200 × 51, at different stations upstream and downstream the

injection ports, such that the distance between the injection ports and the intake

leading edge is about 0.56 of the total engine length. So, two sets solutions of H2

mass fraction, and static temperature, at different axial normalized distances, are

plotted in figure (4.105) and (4.106). Stations of axial normalized distance rang-

ing between 0.51 and 0.55 represent the flow domain upstream the injection ports,

while those ranging between 0.57 and 0.61 represent the downstream flowfield.

The solutions of 87× 31-sized mesh underestimate the H2 mass fraction upstream

the injection port. On the other side, the more refined mesh, predict mass frac-

tion Hydrogen equals to unity at normalized distance 0.1% upstream the injector.

Also, the 200× 51 solution shows that H2-air mixing is more effective at the mod-

ule wall than that at the middle strut surface, because of the recirculation zone

formed adjacent to the upper wall is much bigger, as presented in figure (4.98).

The two sets solutions becomes closer to each other downstream.

Then the solutions of temperature and water mass fraction are compared for the

solved reacting test case for mesh size 200 × 51, and the previous results repre-

sented by Chitsomboon et al [13], which is given at specific grid lines, as shown in

figure (4.107) and (4.109). So, point-to-point comparison cannot be carried out,

as the parameters of the applied grid generating functions are given in ref. [13].

128



Moreover, the temperature solution is given in the normalized form, relative to

certain maximum value, which is not also mentioned. Hence qualitative and quan-

titative comparison is carried out in H2O solution, while temperature solution is

only qualitatively evaluated.

As illustrated in figures (4.107) and (4.108), the H2O mass fraction solution of

the 87 × 31-sized mesh of Chitsomboon et al. [13], is greatly less than predicted

by the present solution utilizing 200 × 51-sized mesh. However, the general be-

haviors of water distribution in both solutions are close to each other, upstream

and downstream the injection zone. And it is noted that the magnitude of H2O

does not significantly change, as an evidence of fuel-air mixing efficiency in the

recirculation zones in front of the injectant. In addition, qualitative analysis be-

tween the normalized temperature of previous solution, and the static temperature

of the present solution, shows resemblance in temperature field downstream the

injectors. While the present solution, predict almost constant static temperature

in the front recirculation zones.
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Figure 4.105: Hydrogen mass fraction solution at different station, for

the non-reacting case for mesh sizes 87× 31 and 200× 51

Figure 4.106: Temperature solution at different station, for the non-

reacting case for mesh sizes 87× 31 and 200× 51
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Figure 4.107: Previous solution for water mass fraction at different sta-

tion, for the reacting case (ref. [13])

Figure 4.108: Water mass fraction solution at different station, for the

reacting case for mesh size 200× 51
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Figure 4.109: Previous solution for normalized temperature at different

station, for the reacting case (ref. [13])

Figure 4.110: Temperature solution at different station, for the reacting

case for mesh size 200× 51
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The solutions of the normalized pressure on the engine upper wall surface for

the present calculations of the non-reacting flow for both mesh size, beside the

reacting flow for the more refined one, are compared to that calculated by Chit-

somboon et al. [13].In figure (4.111), the normalized pressure is presented along

the whole engine module, where the normalized pressure for all solutions, equal

to unity, at the injection zone, at 0.56 of the total length.

It is important to notice that the previous solution of the reacting case, is al-

most matching with the non-reacting solution of the same mesh size (87 × 31).

However, the solutions of more refined meshes predict higher values of wall nor-

malized pressure, for both reacting and non-reacting cases. The solution of the

reacting of 200× 51-sized mesh, predicts that the wall pressure exceeds the injec-

tion pressure, in the flow chocking regimes, located upstream the injection ports.

However, there is approximate matching between all solution downstream in the

expansion zone.

High variation in the results in the injection upstream recirculation zone, may

refer to the high unsteadiness of the flowfield in this regime, and to the great

grid-sensitivity of the solution of this complicated turbulent flow.
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Chapter 5

Conclusion

It will be focused here on the most important remarks and comments about the

mathematical modeling, numerical treatment and computational results for differ-

ent test cases.

First of all, the main target of this study is to construct a numerical code ca-

pable of resolving the chemically reacting turbulent flows inside scramjet engine,

and to investigate the mixing and flame-stabilization processes applying fuel trans-

verse sonic injection, in order to be a future tool for parametric design analysis

for scramjet engine development. The mathematical model is governed by un-

steady Reynolds-Averaged Navier-Stocks equations (RANS). Separate time-space

discretizations are employed. Finite-volume volume second-order Roe’s scheme

is applied for spatial discretization. Total variation diminishing are achieved by

using minmode limiter, which is characterized by stable performance. Integration

in time by second order accurate Runge-Kutta two step method, applying Point-

implicit scheme, which is solves only the chemical source term implicity. So, the

stiffness of the chemical source term is removed, without the need to solve all

terms implicitly, and to invert huge matrices. Turbulence modeling is based on

Boussinesq’s assumption, and applies Baldwin-Lomax algebraic model.

The code is evaluated with different several test cases, to explore its coding bugs

and deficiencies, and to improve its computation. The numerical code show excel-

lent results for laminar and turbulent air flow over flat plate, where the numerical

solutions for velocity profile and wall shear stress matches with well-known ana-

lytical equations concerned with these problem.

The code capability of solving reacting flows is tested by two problems for dif-

ferent boundary conditions. The first problem is the invscid chemically reacting

flow of premixed H2-air flow, through the divergent part of two-dimensional ax-
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isymmetric sine-nozzle. The problem is solved for two different back pressures.

The numerical solution of complete expansion and over-expansion cases are close

to the previous quasi one-dimensional flow of ref. [21] and [30] respectively. The

second chemically reacting problem is turbulent premixed H2-air flow inside a

two-dimensional ramped duct. The problem is solved for two different inlet static

temperatures; below and above the ignition threshold of H2-air combustion. It

is found that the formed shock wave has a role in combustion excitation, and

sustainability. That clarifies the potential of shock induced combustion, to be an

efficient flame-stabilization technique in engines of high speed internal flow. Also,

a noticeable closure between the present calculations between ref. [14] and [66],

for inlet temperatures of 900 [K] and 1200 [K], respectively.

Rogers and Chinitz semi-global two chemical reaction model for Hydrogen-air

combustion, was the simplest chemical mechanism after the global one-reaction

model. It present great result for high speed reacting flows. [48] However, the re-

action forward-direction rates are greatly overestimated within the shock-induced

combustion regimes. That results in the formation discrete peaks in Hydroxyl

mass fraction across the shock wave, where the intensity and numbers of its non-

physical peaks are greatly sensitive on the grid resolution.

The code is examined to resolve the complicated flowfield accompanying the sonic

transverse injection of Helium, into supersonic air flow. The present solution is

verified by the previous results of Kraemer and Rogers experiment. The solution

of the wall pressure upstream and downstream the injection almost coincides with

the experimental results, while the solution of the pressure along an axial station,

is has smoother variation, compared to the previous results.

In spite of its stable performance, minmode limiter shows modest resolution of

sharp strong shocks because of its diffusive effect as previously mentioned in ref.

[32]. Also, because it is a discontinuous slope limiter, it is recommended not to

apply it in problems of continuous local maxima and minima in the flow field,

as it would result in formation of nonphysical smooth peaks, beside the resolved

physical flow variables peaks, as discussed before in the problem of over-expansion

inside axisymmetric nozzle.

After this set of test cases, sufficient experience is gained to start in solving

turbulent chemically reacting flows inside scramjet engines. First non-reacting

case is solved for turbulent flow inside single strut scramjet engine introduced by

Drummond and Weidner [22]. Then reacting case is solved starting from the non-
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reacting case solution. It is shown that the problem is high sensitive to the mesh

resolution, especially in the recirculation zone upstream the injection ports, for

both non-reacting and reacting cases. That is refereed to the high unsteadiness of

the flowfield in this domain.

Grid sensitivity analysis cannot be carried out as the reacting case of the most

refined utilized mesh takes about two months in running time. As personal com-

putational units are only utilized without parallel computations

It is required in the future research to employ parallel computations on more

powerful computational units, to solve the problem of the long running time. It

is suggested to employ fully implicit treatment, to minimize the solution itera-

tions. More sophisticated H2-oxygen chemical mechanism is required to improve

the solution accuracy at temperatures around the ignition threshold, which is

approximately equals to 1000 [K]. Also, more advanced turbulence modeling is

required in jets and free shear layers. It is required to fulfill TVD conditions using

other sloper limiter capable of resolving sharp discontinuities and to resolve con-

tinual peaks with high degree of accuracy. And it is required in the same time to

ensure that of its stable performance in the solution convergence history.
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Appendix A

Flow Variables

Non-dimensionalization

The non-dimensionalization reference values are selected from the characteristic

flow variables of the studied test case. The reference length (Lref ) is considered

as a longest dimension of the problem geometry. Besides, the reference values

of velocity , density and temperature (i.e. Vref , ρref , and Tref ) are taken to be

the velocity magnitude, and the stagnant density and temperature respectively, at

the main flow inlet. Also, we set the reference values of transport coefficient, i.e.

(µref , kref , and Dref ) and thermodynamic properties (i.e. Rref , cpref , and γref )

are equal to those of the mixture at the main flow inlet. If the dimensional flow

variables are notated with the superscript (∗), the dimensionless variables will be

given as follows:

x =
x∗

Lref

y =
y∗

Lref

t =
t∗

Lref/Vref

ρ =
ρ∗

ρref

T =
T ∗

Tref

u =
u∗

Vref

v =
v∗

Vref

P =
P ∗

ρrefV 2
ref

e =
e∗

V 2
ref

h =
h∗

V 2
ref

(A.1)

Et =
E∗

t

V 2
ref

Ht =
H∗

t

V 2
ref

µ =
µ∗

µref

k =
k∗

kref

D =
D∗

Dref

The studied test case can be characterized by a group of dimensionless variables

derived from the test case reference values. These dimensionless variables are rep-

resented in Reynolds Number (Reref ), Prandtl Number (Prref ), Schmidt Number

(Scref ), and Mach Number (Mref ):

Reref =
ρrefVrefLref

µref

Prref =
µrefcpref

kref

Scref =
µref

ρrefDref

Mref =
Vref√

γrefRrefTref

(A.2)
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Appendix B

Reynolds Averaged Navier-Stocks

Equations

B.1 Flow Variables Treatment

In turbulent flow models based on time-averaging approach, each flow variable

is considered to be composed of two components. The first is the time-averaged

term. While, the other is corresponding to the random fluctuations of the flow

variable magnitude.

The conventional variable decomposition, is to considered a variable f is con-

sisting of two components: time averaged one which is expressed as follows:

f =
1

∆t

∫ t+∆t

t

f dt (B.1)

∆t is the time interval which is much longer than the turbulent fluctuation time

intervals, and smaller than the flow characteristic time. According to equation

(B.1), the flow variable f is decomposed as follows:

f = f + f ′ (B.2)

We can conclude that the time averaging of fluctuations term f ′ is equal to zero:

f ′ =
1

∆t

∫ t+∆t

t

f ′ dt = 0 (B.3)

The second method of decomposition, which is weight-based on the time averaging,

which is known as “Favre”’s averaging, divides variable f into two components as

follows:

f = f̃ + f ′′ (B.4)
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where the weight-based time averaged term f̃ is written as follows:

f̃ =
1

ρ

(
1

∆t

∫ t+∆t

t

ρ f dt

)
=
ρf

ρ
(B.5)

Here, the time averaging of the fluctuations term f ′′ will not equal to zero. But

its weight-base averaging vanishes:

f ′′ =
1

∆t

∫ t+∆t

t

f ′′ dt 6= 0 (B.6)

ρ f ′′ =
1

∆t

∫ t+∆t

t

ρf ′′ dt = 0 (B.7)

From above equation we can conclude the following relations, to be used in the

derivation of RANS equations:

f1 ± f2 = f1 ± f2 f1 × f2 6= f1 × f2 f̃1f ′′2 = f̃1f ′′2 6= 0 f̃1f ′2 = f̃1f ′2 = 0

f ′1f
′
2 6= 0 f ′′1 f

′′
2 6= 0 f ′1f

′′
2 6= 0 ρf1 = ρf̃1

(B.8)

To minimize the number of terms in the averaged equation, some approximation

are taken, where some terms of very small order of magnitude compared to the

other terms in the equations, as follows:

• The spatial derivative of the fluctuation term

∂f ′′1
∂xi

� ∂f1

∂xi

(B.9)

• The time-averaging of three fluctuations terms

f ′′1 f
′′
2 f

′′
3 � f1f ′′2 f

′′
3 (B.10)

The conventional kind of decomposition is applied for density and pressure. But,

on the other hand, the rest of the flow variables is decomposed using Favre’s

definition. The flow variable decomposition is written in the following form:

ρ = ρ+ ρ′ P = P + P ′ T = T̃ + T ′′ u = ũ+ u′′ v = ṽ + v′

e = ẽ+ e′′ h = h̃+ h′′ Ht = H̃t +H ′′
t Et = Ẽt + E ′′

t Ym = Ỹm + Y ′′
m

(B.11)

Besides, the mixture diffusive transport coefficients fluctuations are neglected; each

time-averaged transport coefficient is the same to that in the case of the laminar

flow:

µ = µL k = kL D = DL (B.12)
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B.2 Derivation of Reynolds Averaged Navier-Stocks

Equations for Planar 2D Flows

Time-averaged Navier-Stocks equations are presented here for planar 2D flows,

which is the case of all the studied test cases in this thesis, which are concerned

with turbulent flows. This derivation can be extended to derive the governing

equations form in the case of 2D axisymmetric internal flows.

The derivation of “Reynolds-Averaged Navier-Stocks” equations (RANS), starts

from the “Unsteady Navier-Stocks”, which can be expresses in the thermally-

equilibrium, chemically-nonequilibrium, planar 2D coordinates as follows:

• Mixture Mass Continuity Equation

∂

∂t
(ρ) +

∂

∂x
(ρu) +

∂

∂y
(ρv) = 0 (B.13)

• Momentum Equation in x-direction

∂

∂t
(ρu) +

∂

∂x

(
ρu2 + P

)
+

∂

∂y
(ρuv) =

∂

∂x

(
τxx

L

)
+

∂

∂y

(
τxy

L

)
(B.14)

• Momentum Equation in y-direction

∂

∂t
(ρv) +

∂

∂x
(ρvu) +

∂

∂y

(
ρv2 + P

)
=

∂

∂x

(
τxy

L

)
+

∂

∂y

(
τyy

L

)
(B.15)

• Mixture Energy Equation

∂

∂t
(ρEt)+

∂

∂x
(ρHtu)+

∂

∂y
(ρHtv) =

∂

∂x

(
τxx

L
u+ τxy

L
v − qx

L

)
+
∂

∂y

(
τxy

L
u+ τyy

L
v − qy

L

)
(B.16)

• Individual Species Mass Continuity Equation

∂

∂t
(ρYm) +

∂

∂x
(ρYmu) +

∂

∂y
(ρYmv) = ω̇m −

∂

∂x

(
dmx

L

)
− ∂

∂y

(
dmy

L

)
(B.17)

Derivation of the time-averaged form of the governing equation can be achieved by

decomposing the flow variables in equations (B.13)-(B.17), as explained in section

B.1, followed by time-averaging the entire equations.

B.2.1 Reynolds Averaged Continuity Equation for Planar

2D Flow

After flow variables decomposition in equation (B.13), The mixture mass continu-

ity equations becomes, :

∂

∂t
[(ρ+ ρ′)] +

∂

∂x
[(ρ+ ρ′) (ũ+ u′′)] +

∂

∂y
[(ρ+ ρ′) (ṽ + v′′)] = 0 (B.18)
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Then, the entire equation is time-averaged, regarding the relations of (B.8). The

Reynolds averaged continuity equation is expressed as follows:

∂

∂t
(ρ) +

∂

∂x
(ρũ) +

∂

∂y
(ρṽ) = 0 (B.19)

B.2.2 Reynolds Averaged Momentum Equations for Pla-

nar 2D Flow

After the flow variables decomposition, we can rewrite the momentum equations

in x and y directions, by referring to equations and . The momentum equation

for planar 2D flow will be in the following form:

∂

∂t
[(ρ+ ρ′) (ũ+ u′′)] +

∂

∂x

[
(ρ+ ρ′) (ũ+ u′′)

2
+
(
P + P ′

)]
+

+
∂

∂y
[(ρ+ ρ′) (ũ+ u′′) (ṽ + v′′)] =

∂

∂x

(
τxx

L

)
+

∂

∂y

(
τxy

L

)
(B.20)

And the momentum equation in y-direction, in planar 2D domain, is rewritten

after decomposition as follows:

∂

∂t
[(ρ+ ρ′) (ṽ + v′′)] +

∂

∂x
[(ρ+ ρ′) (ṽ + v′′) (ũ+ u′′)] +

+
∂

∂y

[
(ρ+ ρ′) (ṽ + v′′)

2
+
(
P + P ′

)]
=

∂

∂x

(
τxy

L

)
+

∂

∂y

(
τyy

L

)
(B.21)

Each of the viscous stress tensor components (i.e. τxx
L
, τyy

L
, and τxy

L
), is divided

into two sets of spatial derivatives: The first is composed of the derivatives of

the time-averaged velocity magnitudes, while other is of derivatives of fluctuated

velocity components magnitudes.

τxx
L

= µL

{[
4

3

∂ũ

∂x
− 2

3

∂ṽ

∂y

]
+

[
4

3

∂u′′

∂x
− 2

3

∂v′′

∂y

]}
τyy

L
= µL

{[
4

3

∂ṽ

∂y
− 2

3

∂ũ

∂x

]
+

[
4

3

∂v′′

∂y
− 2

3

∂u′′

∂x

]}
τxy

L
= µL

{[
∂ũ

∂y
+
∂ṽ

∂x

]
+

[
∂u′′

∂y
+
∂v′′

∂x

]}
(B.22)

After time-averaging the whole momentum equations, and elimination of the zero-

valued and low order of magnitude terms, the momentum equation in x-direction
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can be written as follows:

∂

∂t
(ρũ) +

∂

∂x

(
ρũ2 + P

)
+

∂

∂y
(ρũṽ) =

∂

∂x

(
τxxL

− ρu′′2
)

+
∂

∂y

(
τxy

L
− ρu′′v′′

)
=

∂

∂x
(τxxL

+ τxxT
) +

∂

∂y

(
τxy

L
+ τxy

T

)
(B.23)

And the final form of the time-averaged momentum equation in y-direction is

reformulated in the following form:

∂

∂t
(ρṽ) +

∂

∂x
(ρũṽ) +

∂

∂y

(
ρṽ2 + P

)
=

∂

∂x

(
τxy

L
− ρu′′v′′

)
+

∂

∂y

(
τyy

L
− ρv′′2

)
=

∂

∂x

(
τxy

L
+ τxy

T

)
+

∂

∂y

(
τyy

L
+ τyy

T

)
(B.24)

ρu′′2, ρv′′2, and ρu′′v′′ are considered the elements of the turbulent stress tensor

(τij
T
), which is also known as “Reynolds stress tensor”. More detailed explanation

for its modeling will be introduced in section B.2.5.

On the other side, the averaged derivatives of the velocity fluctuations in the

averaged viscous stresses (i.e. τxxL
, τyy

L
, and τxy

L
), are neglected to the other

terms according to equation (B.9), and the time averaged shear stresses can be

written as follows:

τxxL
≈ µL

[
4

3

∂ũ

∂x
− 2

3

∂ṽ

∂y

]
τyy

L
≈ µL

[
4

3

∂ṽ

∂y
− 2

3

∂ũ

∂x

]
τxy

L
≈ µL

[
∂ũ

∂y
+
∂ṽ

∂x

]
(B.25)
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B.2.3 Reynolds Averaged Energy Equation for Planar 2D

Flow

By flow variable decomposition in equation (B.16), we can rewrite the energy

equation in the following form:

∂

∂t

[
(ρ+ ρ′)

(
Ẽt + E ′′

t

)]
+

∂

∂x

[
(ρ+ ρ′)

(
H̃t +H ′′

t

)
(ũ+ u′′)

]
+

+
∂

∂y

[
(ρ+ ρ′)

(
H̃t +H ′′

t

)
(ṽ + v′′)

]
=

=
∂

∂x

[
τxx (ũ+ u′′) + τxy

L
(ṽ + v′′)− qx

L

]
+

∂

∂y

[
τxy (ũ+ u′′) + τyy

L
(ṽ + v′′)− qy

L

]
(B.26)

Also, each of the diffusive heat fluxes (i.e. qx
L

and qy
L
) can be broken down into

time-averaged and fluctuations terms, as follows:

qx
L

= −kL
∂

∂x

(
T̃ + T ′′

)
−

ns∑
m=1

(
h̃m + h′′m

)
(ρ+ ρ′′)DL

∂

∂x

(
Ỹm + Y ′′

m

)
qy

L
= −kL

∂

∂y

(
T̃ + T ′′

)
−

ns∑
m=1

(
h̃m + h′′m

)
(ρ+ ρ′′)DL

∂

∂y

(
Ỹm + Y ′′

m

)
(B.27)

By time-averaging of equation (B.26), and deleting the zero-valued time-averaged

terms according to the rules presented in section B.1. Reynolds averaged energy

equation for planar 2D domain yields:

∂

∂t

(
ρẼt

)
+

∂

∂x

(
ρH̃tũ

)
+

∂

∂y

(
ρH̃tṽ

)
=

=
∂

∂x

(
τxxL

ũ+ τxy
L
ṽ − qxL

− ρH ′′
t u

′′
)

+
∂

∂y

(
τxy

L
ũ+ τyy

L
ṽ − qy

L
− ρH ′′

t v
′′
)

(B.28)

The fluctuations terms can be cancelled in time averaged diffusive heat fluxes (i.e.

qx
L

and qy
L
) as follows:

qxL
= −kL

∂T̃

∂x
−

ns∑
m=1

h̃mρDL
∂Ỹm

∂x

qy
L

= −kL
∂T̃

∂y
−

ns∑
m=1

h̃mρDL
∂Ỹm

∂y
(B.29)

144



B.2.4 Reynolds Averaged Individual Species Continuity

Equation in Planar Two Dimensional Coordinates

Finally, the variables decomposition in equation (B.17) for the mth species takes

the following form:

∂

∂t

[
(ρ+ ρ′)

(
Ỹm + Y ′′

m

)]
+

∂

∂x

[
(ρ+ ρ′)

(
Ỹm + Y ′′

m

)
(ũ+ u′′)

]
+

+
∂

∂y

[
(ρ+ ρ′)

(
Ỹm + Y ′′

m

)
(ṽ + v′′)

]
= ω̇m −

∂

∂x

(
dmx

L

)
− ∂

∂y

(
dmy

L

)
(B.30)

The diffusive mass flux in x and y directions can written as follows:

dmx
L

= − (ρ+ ρ′)DL
∂

∂x

(
Ỹm + Y ′′

m

)
dmy

L
= − (ρ+ ρ′)DL

∂

∂y

(
Ỹm + Y ′′

m

)
(B.31)

The time-averaged form of equation (B.18) will be written as:

∂

∂t

(
ρỸm

)
+

∂

∂x

(
ρỸmũ

)
+

∂

∂y

(
ρỸmṽ

)
=

= ω̇m −
∂

∂x

(
dmxL

+ ρY ′′
mu

′′
)
− ∂

∂y

(
dmy

L
+ ρY ′′

mv
′′
)

(B.32)

The time averaged mass diffusive fluxes can be approximated to be:

dmx
L

= −ρDL
∂Ỹm

∂x

dmy
L

= −ρDL
∂Ỹm

∂y
(B.33)

B.2.5 Modeling of Reynolds Stresses

Boussinseq [7] suggested reformulation of Reynolds stresses “or turbulent shearing

stresses” in terms of the spatial gradients of the time-averaged velocities, in ad-

dition to turbulent eddy coefficient (µT ), which represents the turbulence effects

on momentum transfer. By neglecting the turbulent kinetic energy, the Reynolds

stress tensor can be written in index notation as follows:

ρu′′i u
′′
j = µT

[(
∂ũi

∂xj

+
∂ũj

∂xi

)
− 2

3
δij
∂ũk

∂xk

]
(B.34)
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Thus, the Reynolds stress tensor elements in Cartesian 2D coordinates are written

as follows:

ρu′′2 = τxx
T

= µT

[
4

3

∂ũ

∂x
− 2

3

∂ṽ

∂y

]
ρv′′2 = τyy

T
= µT

[
4

3

∂ṽ

∂y
− 2

3

∂ũ

∂x

]
ρu′′v′′ = τxy

T
= µT

[
∂ũ

∂y
+
∂ṽ

∂x

]
(B.35)

B.2.6 Modeling of the Total Heat and Mass Fluxes for

Turbulent Flows

As shown in equation (B.28) and (B.32), we have other extra terms representing

the turbulence effects on heat and mass transfer. These extra terms are simply

represented in the turbulent heat flux vector (ρH ′′
t u

′′
i ), and the turbulent mass flux

vector (ρY ′′
mu

′′
i ).

The fluctuations term of the total enthalpy is the difference between the total

enthalpy and the weighted time-averaged total enthalpy, which consists of three

terms: the weighted averaged mixture enthalpy (h̃), the weighted averaged ki-

netic energy (1
2
ũkũk), and finally the turbulent kinetic energy (1

2
u′′ku

′′
k), which is

not considered in this study because of applying an algebraic approach to model

turbulent eddy coefficient. The fluctuations in total enthalpy magnitude can be

written down in index notation as follows:

H ′′
t = Ht − H̃t

=

[(
h̃+ h′′

)
+

1

2
(ũk + u′′k) (ũk + u′′k)

]
−
[
h̃+

1

2
ũkũk

]
= h′′ + u′′kũk +

1

2
u′′ku

′′
k

So, the turbulent heat flux (ρH ′′
t u

′′
i ) is expressed as follows:

ρH ′′
t u

′′
i = ρh′′u′′i + ρu′′i u

′′
kũk + ρu′′i u

′′
ku
′′
k

= ρh′′u′′i + ρu′′i u
′′
kũk (B.36)

As shown in equation (B.36), we eliminate the time averaged term for the product

of three fluctuated variables, according to the assumption set in appendix B.

Thus, from equations (B.34) and (B.36), we can write the turbulent heat flux for
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2D coordinates as follows:

ρH ′′
t u

′′ = ρh′′u′′ + τxxT
ũ+ τxy

T
ṽ

ρH ′′
t v

′′ = ρh′′v′′ + τxy
T
ũ+ τyy

T
ṽ (B.37)

It is suggested model the turbulent terms (ρh′′u′′) and (ρh′′v′′) in terms of the

spatial derivatives of weighed time-averaged specific enthalpy and the dynamic

turbulent viscosity (µT ), where the Prandtl number for turbulent terms (PrT ) is

suggested to be constant:

ρh′′u′′ = qxT
= − µT

PrT

∂h̃

∂x

ρh′′v′′ = qy
T

= − µT

PrT

∂h̃

∂y
(B.38)

In like manner, the turbulent mass flux (ρY ′′
mu

′′) of the mth species, can be ex-

pressed in terms of the spatial gradients of its weighted time-averaged mass fraction

and dynamic turbulent viscosity, assuming the turbulent Schmidt number (ScT )

is constant as recommended in several references:

ρY ′′
mu

′′ = dmxT
= − µT

ScT

∂Ỹm

∂x

ρY ′′
mv

′′ = dmy
T

= − µT

ScT

∂Ỹm

∂y
(B.39)
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Appendix C

Basic Equations of Fluid

Dynamics in Orthogonal

Curvilinear Coordinates

As mentioned in reference [59], we can derive the Navier-Stocks equations for a

general orthogonal curvilinear coordinate system by using some transformation

equations relating between the orthogonal curvilinear coordinates (x1, x2, x3), and

the Cartesian coordinates (x, y, z), as:

x1 = x1(x, y, z)

x2 = x2(x, y, z) (C.1)

x3 = x3(x, y, z)

And the infinitesimal length in the domain can be expressed in terms of the both

coordinates systems as:

(ds)2 = (dx)2 + (dy)2 + (dz)2 = (h1 dx1)
2 + (h2 dx2)

2 + (h3 dx3)
2 (C.2)

where:

(h1)
2 =

(
∂x

∂x1

)2

+

(
∂y

∂x1

)2

+

(
∂z

∂x1

)2

(h2)
2 =

(
∂x

∂x2

)2

+

(
∂y

∂x2

)2

+

(
∂z

∂x2

)2

(C.3)

(h3)
2 =

(
∂x

∂x3

)2

+

(
∂y

∂x3

)2

+

(
∂z

∂x3

)2

Some basics to write the fluid dynamics fundamental equations in any orthogonal

coordinate system, are presented below:
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C.1 Gradient of a Scalar Quantity

The gradient of a scalar quantity in orthogonal curvilinear coordinates is written

as follows:
−→
∇f =

1

h1

∂f

∂x1

−→
i1 +

1

h2

∂f

∂x2

−→
i2 +

1

h3

∂f

∂x3

−→
i3 (C.4)

C.2 Laplacian Operator of a Scalar Quantity in

Orthogonal Curvilinear Coordinates

For as scalar quantity f , its Laplacian Operator can be in terms of its spatial

derivatives as follows:

∇2f =
1

h1h2h3

(
∂

∂x1

(
h2h3

h1

∂f

∂x1

)
+

∂

∂x2

(
h1h3

h2

∂f

∂x2

)
+

∂

∂x3

(
h1h2

h3

∂f

∂x3

))
(C.5)

C.3 Divergence of a Vector

Divergence of a Vector in Orthogonal Curvilinear Coordinates is expressed by the

following equation:

−→
∇ .
−→
A =

1

h1h2h3

(
∂

∂x1

(h2h3A1) +
∂

∂x2

(h1h3A2) +
∂

∂x3

(h1h2A3)

)
(C.6)

C.4 Shear Stress Tensor

Shear Stress Tensor in orthogonal curvilinear coordinates is written as:

τx1x1 =
2

3
µ (2ex1x1 − ex2x2 − ex3x3) (C.7)

τx2x2 =
2

3
µ (2ex2x2 − ex1x1 − ex3x3) (C.8)

τx3x3 =
2

3
µ (2ex3x3 − ex1x1 − ex3x3) (C.9)

τx1x2 =
2

3
µex1x2 (C.10)

τx2x3 =
2

3
µex2x3 (C.11)

τx1x3 =
2

3
µex1x3 (C.12)
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where:

ex1x1 =
1

h1

∂u1

∂x1

+
u2

h1h2

∂h1

∂x2

+
u3

h1h3

∂h1

∂x3

(C.13)

ex2x2 =
1

h2

∂u2

∂x2

+
u1

h2h1

∂h2

∂x1

+
u3

h2h3

∂h2

∂x3

(C.14)

ex3x3 =
1

h3

∂u3

∂x3

+
u1

h3h1

∂h3

∂x1

+
u2

h3h2

∂h3

∂x2

(C.15)

ex1x2 =
h2

h1

∂

∂x1

(
u2

h2

)
+
h1

h2

∂

∂x2

(
u1

h1

)
(C.16)

ex2x3 =
h3

h2

∂

∂x2

(
u3

h3

)
+
h2

h3

∂

∂x3

(
u2

h2

)
(C.17)

ex1x3 =
h3

h1

∂

∂x1

(
u3

h3

)
+
h1

h3

∂

∂x3

(
u1

h1

)
(C.18)

C.5 Gradient of the Shear Stress Tensor

The component of the gradient of the shear stress tensor in any orthogonal curvi-

linear coordinates, can be written as follows:

•
−→
∇ . [τ ] component in the x1 direction

−→
∇ . [τ ] .−→i1 =

=
1

h1h2h3

[
∂

∂x1

(h2h3τx1x1) +
∂

∂x2

(h1h3τx1x2) +
∂

∂x3

(h1h2τx1x3)

]
+

+ τx1x2

1

h1h2

∂h1

∂x2

+ τx1x3

1

h1h3

∂h1

∂x3

− τx2x2

1

h1h2

∂h2

∂x1

− τx3x3

1

h1h3

∂h3

∂x1

(C.19)

•
−→
∇ . [τ ] component in the x2 direction

−→
∇ . [τ ] .−→i2 =

=
1

h1h2h3

[
∂

∂x1

(h2h3τx1x2) +
∂

∂x2

(h1h3τx2x2) +
∂

∂x3

(h1h2τx2x3)

]
+

+ τx2x3

1

h2h3

∂h2

∂x3

+ τx1x2

1

h1h2

∂h2

∂x1

− τx3x3

1

h2h3

∂h3

∂x2

− τx1x1

1

h2h1

∂h1

∂x2

(C.20)
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•
−→
∇ . [τ ] component in the x3 direction

−→
∇ . [τ ] .−→i3 =

=
1

h1h2h3

[
∂

∂x1

(h2h3τx1x3) +
∂

∂x2

(h1h3τx2x3) +
∂

∂x3

(h1h2τx3x3)

]
+

+ τx1x3

1

h1h3

∂h3

∂x1

+ τx2x3

1

h2h3

∂h3

∂x1

− τx1x1

1

h1h3

∂h1

∂x3

− τx2x2

1

h2h3

∂h2

∂x3

(C.21)

C.6 The Transformation Functions from Carte-

sian to Planar 2-D and Axisymmetric Coor-

dinates

In the two dimensional and axisymmetric coordinates, the axes (x1, x2, x3) are

defined in terms of the cartesian coordinates as follows:

x1 = x, x2 = y, x3 = θα (C.22)

α =

{
0, for Two Dimensional Flow

1, for Axisymmetric Flow
(C.23)

We have to mention that the above definition for the axisymmetric axes, is valid

only if for internal flows without any immersed body (e.g. axisymmetric nozzles).

This makes the utilized equations becomes much more simplified than that when

the more general case is used. Also, it is sufficient for the recently studied test

cases. The transformation coefficients for this case are:

h1 = 1, h2 = 1, h3 = yα (C.24)

And the velocities are written as:

u1 = u, u2 = v, u3 = α w (C.25)

To satisfy the axisymmetric condition, any property variation along the rotating

angle around the flow axis is equal to zero:

∂f

∂θ
= 0 (C.26)
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Appendix D

Thermodynamic Properties for

Different Species

The specific heat coefficient cp [J/kg.K] of different species (O2, H2O, H2, OH,

N2), and their enthalpies are calculated as polynomials of fifth order as a function

of temperature T [K] as presented in the following equations:

cpm = a1m + a2mT + a3mT
2 + a4mT

3 + a5mT
4

[
J

kgK

]
(D.1)

hm = ho
fm

+ a1mT +
1

2
a2mT

2 +
1

3
a3mT

3 +
1

4
a4mT

4 +
1

5
a5mT

5

[
J

kg

]
(D.2)

Where the polynomial coefficients and the heat of formation are given in table

D.1 according to Mcbride et al. [43].

Species a1 a2 a3

Name [J/kgK] [J/kgK2] [J/kgK3]
O2 9.5122068815× 102 1.7314050440× 10−1 −3.66746062920× 10−5

H2O 1.2365684095× 103 1.3733629147 −3.57417115973× 10−4

H2 1.2192656305× 104 3.4364159708 −6.08631107179× 10−4

OH 1.3883483970× 103 5.415507055× 10−1 −1.4375035792× 10−4

N2 8.7678667013× 102 4.1480463533× 10−1 −1.46285221244× 10−4

Species a4 a5 ho
f

Name [J/kgK4] [J/kgK5] [J/kg]
O2 5.37318477325× 10−9 −3.37551156405× 10−14 −316204.9196

H2O 4.36204855594× 10−8 −1.97192667978× 10−12 −13804792.4445
H2 6.40633717453× 10−8 −2.86353222493× 10−12 −3380116.9531
OH 2.05722370687× 10−8 −1.18442053849× 10−13 1928948.65241
N2 2.33402971301× 10−8 −1.36819647016× 10−13 −274363.2506

Table D.1: Coefficient of the fifth order polynomial of cp[J/kgK] as a
function of T [K] of different species and theirheat of formation at 0o[K]
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Présentés Acad. Sci., vol. 23, Paris, p. 46.

[8] (a) Bussing, T.R.A. and Murman, E.M. (1985). “A Finite Volume Method

For The Calculation of Compressible Chemically Reacting Flows”,

AlAA Paper 85−0331, 23rd Aerospace Sciences Meeting, January 1985.

[9] (b) Bussing, T.R.A. and Murman, E.M. (1985). “Numerical Investigation

of 2−Dimensional H2−Air Flame Holding Over Ramps And Rearward

Facing Steps”, AIAA Paper 85−1250, 21st Joint Propulsion Conference, July

1985.

153



[10] Candler, G.V., and MacCormack, R. W. (1987). “The Computation of

Hypersonic Flows in Chemical and Thermal Nonequilibrium”, Third

National Aero-Space Plane Technology Symposium, NASA Ames, 1987.

[11] Chitsomboon, T. and Tiwari, S. N. (1985). “Investigation of Chemically

Reacting Supersonic Internal Flows”, Department of Mechanical Engineer-

ing and Mechanics, School of Engineering, Old Dominion University. Technical

Report, NAG-1-423, September 1985.

[12] Chitsomboon, T. and Tiwari, S.N. (1986). “Numerical Study of

Hydrogen−Air Supersonic Flow By Using Ellipitic And Parabolized

Equations”, Progress Report for the period December 1 1985 to May 31 1986,

Prepared for NASA, Langley Research Center, Hampton, Virginia, USA, Au-

gust 1986.

[13] Chitsomoon, T.; Kumar, A.; Drummond, J.P. and Tiwari, S.N. (1986).

“Numerical Study of Supersonic Combustion Using A Finite−Rate

Chemistfw Model”, AlAA Paper 86−0309, 24th Aerospace Sciences Meeting,

January 1986.

[14] Chitsomboon, T.; Kumar, A. and Tiwari, S.N. (1987). “Numerical Study

of Finite−Rate Supersonic Combustion Using Parabolized Equa-

tions”, AIAA Paper 87−0088, 25th Aerospace Sciences Meeting, January 1987.

[15] Choi, J.Y.; Jeung, I.S., and Yoon, Y. (2000). “Computational Fluid Dy-

namics Algorithms for Unsteady Shock−Induced Combustion, Part

1: Validation”, AIAA Journal, Vol. 38, No. 7, July 2000.

[16] Chou, P. Y. (1945). “On the Velocity Correlations and the Solution

of the Equations of Turbulent Fluctuation”, Quart. Appl. Math., Vol. 3,

p.38.

[17] Compton III, W.B. (1996). “Comparison of Turbulence Models for

Nozzle−Afterbody Flows With Propulsive Jets”, NASA Technical Paper

3592, September 1996.

[18] Curtiss, C.F. and Hirschfelder, J.O. (1952). “Integration of Stiff Equa-

tions”, Proc. National Academy of Sciences of the USA, Vol. 38, 1952.

[19] Davidov, B.I. (1961). “On the Statistical Dynamics of an Incompress-

ible Fluid”, Doklady AN. SSSR, Vol. 136, p. 47.

154



[20] Degani, D. and Schiff, L.B. (1983). “Computation of Supersonic Viscous

Flows Around Pointed Bodies at Large Incidence” AIAA Paper 83−0034,

AlAA 21st Aerospace Sciences Meeting, January 1983.

[21] Drummond, J.P.; Hussaini, M.Y. and Zang, T.A. (1985). “Spectral Meth-

ods for Modeling Supersonic Chemically Reacting Flow Fields”, AlAA

Paper 85−0302, 23rd Aerospace Sciences Meeting, January 1985.

[22] Drummond, J.P. and Weidner, E.H. (1981). “NumericalS tudy of a

Scramjet Engine Flow Field”, AlAA 19th Aerospace Sciences Meeting, Jan-

uary 1981.

[23] Drummond, J.P. (1989). “Supersonic Reacting Internal Flow Fields”,

NASA Technical Memorandum 103480, May 1989.

[24] Dudebout, R.; Sislian, J.P.; and Oppitz R. (1998). “Numerical Simula-

tion of Hypersonic Shock-Induced Combustion Ramjets”, Journal Of

Propulsion And Power Vol. 14, No. 6, November-December (1998).

[25] Eberhardt, S., and Imlay, S. (1990). “A Diagonal Implicit Scheme for

Computing Flows with Finite−Rate Chemistry”AIAA Paper 90−1577,

21st Fluid Dynamics, Plasma Dynamics and Lasers Conference, June 1990.

[26] Eberhardt, S., and Imlay, S. (1992). “Diagonal Implicit Scheme for Com-

puting Flows with Finite Rate Chemistry”, Journal of Thermophysics and

Heat Transfer, Vol. 6, No. 2, pp. 208−216, 1992.

[27] Eklund, D. R.; Hassan, H. A.; and Drummond, J. P. (1986). “Time Efficient

Calculation of Chemically Reacting Flow”, AIAA Paper No. 86-0563,

January 1986.

[28] Evans, J. S. and Schexnayder, C. J., Jr. (1980). “Influence o f Chem-

ical Kinetic and Unmixedness on Burning in Supersonic Hydrogen

Flames”, AIAA Journal, Vol. 18, No. 2, , pp. 188-193, February 1980.

[29] Favre, A. (1965). Equations des Gaz Turbulents Compressibles: 1. Formes
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 ةــلاصـالخ
  
  
  

هذه الدراسة تحقق فى السريان المستقر الثنائى البعد فى المحرآات الصدمية الفوق الصوتية، حيث أن 
ين تتضمن عدة ظواهر معقدة و متفاعلة فيما بينها، چعمليتى الاختلاط و الاحتراق بين الهواء و الهيدرو

الاحتراق المستحث بالموجات  رية، والطبقة الجدا و التداخلات بين الموجات الصدمية: متمثلة فى
المتوسطة زمنياً لمعدلات " رينولدز"الصدمية، و مناطق الدوامات، و قد تم استخدام صورة 

آنموذجاً رياضياً للسريان، حيث تم توظيف نظرية الحرآيات الكيميائية لحساب " ستوآس" و "ييرڤنا"
لى صغر زمن بقاء الغازات المتفاعلة داخل إ المعدلات المحدودة لسرعات التفاعلات الكيميائية، نظراً

فى نمذجة الاضطراب باستخدام النموذج الجبرى " بوسينسك"المحرك، و قد تم الاعتماد على فرضية 
قد تم تثبيت   ، و"تشيف"و  "ديجانى"، مع الأخذ فى الاعتبار إلى تعديلات "لوماآس" و "بولدوين"لــ

  .فى صياغة آُلاًَ من الفيض الحرارى و الكتلى المضطربينالمستخدمتين " شميت"و " برانتل"قيمتى 
  

اُستخدمت طريقة الاحجام المحدودة فى تقسيم مجال الحل، حيث قُسم الفيض الحملى غير اللزج باستخدام 
ذات الدقة المكانية من الدرجة الثانية، باستخدام  الحساب الاستقرائى الخارجى للمتغيرات " رو"طريقة 

، و هو من محددات "مينمود"باستخدام المحدد " تناقص التغير الكلى"تم استيفاء شروط  الأولية ، و قد
ميل تغيرمتغيرات السريان الأولية، بينما تمت تقسيم الفيض اللزج تقسيماً مرآزياً، و قد تم تكامل 

ذى الدقة " آوتا"و" چرونـ"، بأسلوب "ظاهرياً" المعادلات الحاآمة للسريان المستقر بالنسبة إلى الزمن
من الدرجة الثانية فى الزمن، و قد استخدمت الطريقة اللاضمنية النقطية فى علاج مشكلة جساءة 
المعادلات، التى تتمثل فى اشتراط تكاملها زمنياً لاستخدام خطوة زمنية صغيرة للغاية، حتى تكون 

و لذلك تم التكامل الزمنى  لحد المصدر  متقاربة من الزمن المميز المتناهى الصغر للتفاعلات الكيميائية،
  .    الكيميائى لاضمنياً، بينما تم تكامل بقية حدود السريان ضمنياً

  
لقد ثُبتت صحة الحسابات العددية المبرمجة، عن طريق حل عدة حالات اختبارية، متضمنة السريان  و

ميائياً فى فوهة متماثلة حول الصفائحى و المضطرب فوق لوح مستوِ، و الدفق غير اللزج المتفاعل آي
محورها شاملة موجات صدمية أو بدونها، بالإضافة إلى السريان المضطرب المتفاعل آيميائياً داخل 
مجرى منحدر، و الحقن الصوتى للهيليوم عمودياً على سريان فوق صوتى للهواء، و اخيراً تمت دراسة 

على الاحتراق بواسطة الحقن العرضى  ين، حيث يتم خلطهما والحفاظچالهيدرو و سريان الهواء
الصوتى، و التى تولد معدلات انحدار عالية للضغط  معاآسة لسريان الهواء، مؤدية إلى تكون انفصال 
السريان عن السطح الناتج عن المجات الصدمية، التى تُتبع بمنطقة دوامية منخفضة السرعة و عالية 

لقد أظهرت نتائج البرنامج  و بقاء على عملية الاحتراق،درجة الحرارة أمام منطقة الحقن، حيث يتم الإ
  .الحالى المستحدث، تقارباً آمياً و آيفياً مع الحلول السابقة
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 القاهرة جامعة الهندسة، آلية إلى مقدمة رسالة
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